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Abstra
t Ba
kgroun
d

Analyti
alme
thodshavebe
enproposedto
determinewhe
therthere

areevolutiona
rilystablestra
tegies(ESS)fo
ratraitofe
o
logi
alsig-

ni�
an
e,orw
hetherthereis
disruptivesele

tioninapopu
lationap-

proa
hinga
a
ndidateESS.
These
riteria
donottakein
toa

ount

all
onsequen

esofsmallpat

hsizeinpop
ulationswith
limiteddis-

persal. Results Wederivelo

alstability
o
nditionswhi
h
a

ountforth
e
onse-

quen
esofsma
lland
onstant
pat
hsize.All
resultsareder
ivedfrom


onsidering R m
,theoverallp
rodu
tionofs
u

essfulemig
rantsfrom

apat
hinitial
ly
olonizedb
yasinglemu
tantimmigran
t.Further,

theresultsar
einterpreted
intermof
o
n
eptsofin
l
usive�tness

theory.The

onditionfor

onvergen
eto
anevolutiona
rilystable

strategyispr
oportionalto
someprevious
expressionsfo
rin
lusive

�tness.The

onditionforev
olutionarysta
bilitystri
tos
ensutakes

intoa

ounte
�e
tsofsele
t
iononrelated
ness,whi
h
a
nnotbene-

gle
ted.Itisf
un
tionofthe
relatednessbe
tweenpairsof
genesina

neutralmodel
andalsoofat
hree-genesrela
tionship.Base
donthese

results,Ianal
yzebasi
mod
elsofdispersa
landof
omp
etitionfor

resour
es.Int
helatters
ena
riothereare

asesofglobal
instability

despitelo
als
tability.The
resultsaredev
elopedforhap
loidisland

modelswith

onstantpat
h
size,butthet
e
hniquesdem
onstrated

herewouldap
plytomorege
nerals
enario
swithanislan
dmodeof

dispersal. Con
lusion
s

Theresultsal
lowtoidentity
andtoanalyze
therelativeim
portan
e

ofthedi�eren
tsele
tivepre
ssuresinvolve
d.Theybrid
gethegap

betweenthem
odellingframe
worksthatha
veledtotheR

m
on
ept

andtoin
lusiv
e�tness.
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Ba
kgrou
nd

Various
riter
iahavebeen
proposedto

omputethes
tablestateso
fthe

evolutionaryd
ynami
softra
itsofe
ologi

alsigni�
an
e
.Previouswo
rks

(�adaptivedyn
ami
s�,e.g.,[1
�6℄)havehigh
lightedthene
edtodistingu
ish

di�erentkinds
ofstability.A
strategyis
on
vergen
establ
eifthepopula
tion

evolvestoward
sitbyalleli
s
ubstitutions.
A
onvergen
e
stablestrategy
is

evolutionarily
stable(non-in
vasible)ifrar
edeviantsare
sele
tedagain
st.

Otherwise,the
reisdisruptiv
esele
tion,an
d�bran
hing�
ofthedistribu
tion

ofphenotypes
inthepopulat
ionmayo

ur
[3,6℄.

When�tness

anbeevaluate
dexa
tly,the
di�erentkinds
ofstability
an

beevaluated.
However,inm
any
asesappr
oximationsare
useful,eitherb
e-


auseexa
tre
sultsarenot
availableorb
e
ausetheya
retoo
omple
xto

allowbetteru
nderstanding
ofevolution.T
hiso

urswhe
npopulations
are

stru
turedin
pat
heso

up
iedbyasmall
numberofind
ividuals.Insu

ha


ase,awidely
usedmeasure
of�tnesse�e

tsisin
lusive
�tness.In
lus
ive

�tnessmeasur
es�tnesse�e

tsasthee�e

tofadeviant
strategyonth
e�t-

nessofanind
ividualwhi
h
expressesthis
strategy,plus
thee�e
ton
the

�tnessofani
ndividualwhe
nthestrategy
isexpressedb
yotherindivi
du-

alsinthepat

h,thelatter
e�e
tbeingw
eightedbyam
easureofgene
ti


similarityofin
dividualswith
inapat
h[7℄
.Althoughth
ein
lusive�tn
ess

approa
hoften
allowstoiden
tifysele
tivep
ressures,itis
desirabletoin
te-

grateitinam
oregeneralfra
meworkwhere
thedi�erentk
indsofdynam
i
s

aredistinguish
ed[8℄.Canin

lusive�tness
beusedto
om
pute
onverge
n
e

stability,evolu
tionarystabili
ty,orboth?S
omeworksma
denodistin
t
ion

betweenthe

on
eptsof
on
vergen
eando
fevolutionary
stability[9℄,w
hile

othershavefou
ndthatin
lusi
ve�tnessissu
itableforevalu
ating
onverge
n
e

stabilitybutn
otforevolutio
narystability
[10,11℄.Ther
ehavebeenso
me

attemptstod
eriveevolution
arystability

onditionsusin
gin
lusive�tn
ess


on
epts(see
[10℄andrefere
n
estherein)b
utfurtherinsi
ghtintotheab
ove

issueshasbee
nlimitedbya
dearthofwell
-establishedre
sultswhi
h
o
uld

be
omparedt
osomealterna
tiveapproa
h.

Thispaperwi
llprovidesu
h
results,using
theR m
on
ep
tintrodu
edin

ref.[12℄.R mi
stheoverallp
rodu
tionofs
u

essfulemig
rantsfromap
at
h,

des
endedfrom
asinglemutan
timmigrant.
Ref.[12℄prese
ntsanexa
tn
u-

meri
almetho
dto
ompute

R

min
omplex
metapopulatio
nmodels(als
o

usedinref.[13
℄),butanalyti

al
onditions
for
onvergen

eandevolutio
nary

stability
ana
lsobededu
ed
from R m.Int
hispaperIsho
whowthis
an
be

3

done.Inpart
i
ular,anew
resultisthea
nalyti
al
ond
itionforlo
al
inva-

sibilityversus
non-invasibilit
y(i.e.evoluti
onarystability
)ofa
onverg
en
e

stablestrategy
fortheisland
modelofdisp
ersal.Kinsel
e
tione�e
ts
are

takenintoa


ountinthis
o
mputation,as
thekinintera

tionsthato

u
rin

thepat
hallt
hewayfrom

olonizationto
lo
alalleleext
in
tion.Thus,
we

shouldalsobe
abletore
ove
rknownin
lus
ive�tnessexp
ressionsfrom

R

m,

buthowwe
a
ndothatisn
otaprioriob
vious.Wewil
lseethatin
l
usive

�tness
anbe
derivedasam
easureoflo
al

onvergen
est
abilityfrom R
m.

Buttheevolut
ionarystabilit
y
ondition
a
nalsobeunde
rstoodinterm
sof

the
on
eptso
fin
lusive�tn
esstheory.

Ratherthan

onsideringthe

omplexmeta
populationmo
delofref.[12℄
,

Iwill
onsider
dis
rete-timem
odelswhi
has
sumea
onsta
ntnumberN

of

haploidadults
perpat
h.Th
isshouldhelp
toseethelogi

ofthemetho
d.

Withinthisse
tting,Iwillan
alyzesomeba
si
modelswid
ely
onsidered
in

previouswork
s,dealingwith
theevolution
ofdispersalan
dwithdisrupt
ive

sele
tionunde
r
ompetition
forresour
es.

Results We
onsiderh
eremodelswh
ereNadults
reprodu
ewit
hinea
hofa
large

(�in�nite�)nu
mberofpat
h
es.Alargen
umberofjuve
nilesareprod
u
ed

byea
hadult
.Afra
tion
ofthemdispe
rse,inwhi
h

asetheydisp
erse

randomlyover
allpat
hes,fol
lowingan�isla
nd�or�global�
modeofdisper
sal.

Thejuveniles
then
ompete
fora

esstor
eprodu
tionso
thatexa
tly N

of

themsurvive
this
ompetiti
oninea
hpa
t
h.Noother
exa
tassumpt
ion

aboutreprodu

tion,
ompeti
tionanddispe
rsalisdoneat
thisstage(thi
sis

donelaterina
ppli
ations).

Thenumb
erofsu

e
ssfulemigr
antsR m

We
onsiderR
m

,theoverallpr
odu
tionofsu


essfulemigra
ntsfromapat

h,

des
endedfro
masinglemu
tantimmigran
tinthispat
h
.Bysu

essf
ulI

meanthatth
eindividuals
ettlesasone
oftheNadu
ltsinapat
h
.As

originallydes

ribed[12℄,R m

ountsindivid
ualsbeforeth
edispersal
o
st

ispaidand
o
mpetitiono


urs,sothatit

ountsthenu
mberofemigr
ant

des
endants,s
u

essfulorn
ot,ofea
hem
igrant,su

es
sfulornot.B
oth

de�nitionsare
e�e
tivelyequ
ivalent. 4



Themutantis

onsideredrar
eenoughatth
emetapopulat
ionlevelthat

nofurthermu
tantimmigran
to

ursinth
epat
handn
omutantwill
be

en
ounteredby
emigrants. R m
isageneralizat
ionofthenetr
eprodu
tivera
te

R
0

(orlifetimere
produ
tivesu


ess)often
on
sideredindem
ography(e.g.,

[14,15℄).How
ever,R mdoes
not
ountthen
umberofo�sp
ringonegener
ation

later,butthe
numberofsu


essfulemigra
ntsfromapat

h,des
ended
over

severalgenera
tionsfromone
su

essfulimm
igrantinthis
pat
h. R mis
an

appropriate�t
nessmeasure
be
auseallsu


essfulemigr
antsareequiv
alent

intermsofthe
ir�tnessexpe

tations.Then
umberofsu


essfulemigran
tsis


ounteduntil
lo
alextin
tio
nofthefamil
ydes
endedfr
omtheimmig
rant.

Evenwithout
lo
alpat
hex
tin
tion,lo
al
extin
tionoft
hefamilyo

u
rs

duetothere

urrentin�owo
fotherimmigr
ants.

Exa
t
om
putationo
fR m

Forthis
omp
utation,wefo
llowthedistri
butionofthe
numberofdes

en-

dantsoftheim
migrantmutan
toversu

essi
vegenerations
.No�springa
re

sampledindep
endentlyfrom
alargenumb
erofjuveniles
.Letπ jbe
the

probabilityth
atarandomly

hoseno�sprin
g
omesfrom
oneofthejm
u-

tantsinthepa
t
hintheprev
iousgeneratio
n.π jisafun

tionofthemu
tant

andresidents
trategies(for
examples,see
theAppli
atio
nsbelow).Th
en,

theprobabilit
ies a kjthatt
herearekmu
tantdes
enda
ntsfromjmu
tant

parentsinthe
pat
harebino
mialterms:

a
k
j
=

C
k N
π
k j
(1

−
π
j
)N

−
k
.

(1)

whereCk N

isthebinomia
l
oe�
ient,N

!/
[k
!(
N
−
k
)!
].Thesetrans

itionprob-

abilitiesde�ne
aMarkov
hai
nwithoneab
sorbingstate(
lo
alextin
tio
nof

themutantall
ele).Nowlet A

=
(a

k
j
)

fork=1,...,

N

,j=1,...,N
(i.e.,

mutantalleleb
eingpresent).
Forj>0,the
probabilityof
havingjmuta
nts

inthepat
hi
ngenerationt

isgivenbyp j
≡

(A
t
i)

j

,whereiisa
ve
tor

representingt
heinitialdistr
ibutionofthe
mutant:asing
lemutantisre
pre-

sentedasi≡
(1
,0
,.
..
,0
)T

,whereT den
otestranspose
.Inea
hgene
ration,

theexpe
tedn
umberofsu


essfulemigran
tgametesofe
a
hmutantad
ult

inapat
hwit
hjmutantsis
writteng j.Th
enumberofsu


essfulemigr
ant

mutantgamet
esprodu
edby
thepat
hinge
nerationtisth
ereforeh j≡j

g j

.

Leth≡(h j).
Theexpe
ted
out�owofsu


essfulmutant
sfromthepa
t
h

5


anbewritten

N
∑ j
=
1

h
j
p
j
=

h
A

t
i.

(2)

Therefore,sum
mingovergen
erationsweob
tainthe�tnes
smeasure R m
in

theform

R
m
=

h

∞
∑

t=
0

A
t
i
=

h
B
i

(3)

where B≡(I
−

A
)−

1

.Thisisasi
mpledis
rete
timeversiono
feq.6in

ref.[12℄. R

misafun
tio
noftheresid
entstrategy z
andofthemu
tantstrategy,

whosedeviatio
nfromzisde
notedδ.Lo
a
lstability
ond
itionsaregive
nin

termsofthe�
rst-andse
on
d-orderderiva
tivesofthe�t
nessmeasure
[4�6℄.

Weusethepr
imenotationf
ordi�erentiat
ionwithrespe

ttoδthroug
hout

thepaper.As
trategyz∗ isa

andidateESS
(evolutionarily
stablestrategy
)if

R
′ m=0atz∗ .A


andidateESS
z
∗

islo
ally
onv
ergen
estable
ifR′ m>0at

z
<

z
∗

andR′ m<0at
z
>

z
∗

,sothatsele
t
ionbringsapo
pulationexpre
ssing

strategyz6=z
∗


losertoz∗ .H
en
e,astrateg
yislo
ally
on
vergen
establ
e

ifdR′ m/dz<0
atz∗ ,whereR

′ misevaluated
atδ=0befor
ethederivatio
n

withrespe
tt
o zis
arried
out.Itislo

allynon-invas
ibleifR′′ m<

0

at

z
∗

(fortheborde
rline
aseR′′ m

=
0

,see[16℄).In
thefollowings
e
tions,we

provideanalyt
i
alexpression
sforR′ mandR

′
′ m.

Ate
hni
ald
evi
eunderlyi
ngresultsbel
owistheexp
ansionofderi
va-

tivesofh jand
π
j

intermsofpo
wersofj.Res
ultswillrelyu
ponthehighes
t

ordertermin
theseexpansio
nsbeingj2 fo
rthe�rst-ord
erderivatives
with

respe
ttoδ,a
ndj3 forthe
se
ond-orderd
erivatives.Th
isholdsbe
au
se,

whetherintera

tionsbetween
individualsare
additiveorno
t,h jandπ j
a
n

beexpandedi
ntermsofδt
imesthesum
(oraverage)o
findividualph
eno-

typesinthep
at
h,plusδ2 t
imesthesum
ofprodu
tsof
pairsofindivi
dual

phenotypes,p
lusδ3 timesth
esumofprod
u
tsofthreep
henotypes,an
dso

on.Dominan

eofalleli
e�e

tsindiploidp
opulationsrais
esanex
eptio
nto

thispattern(s
eeDis
ussion)
.

R
′ m

andrelated
ness

Letw j(δ)bet
heexpe
tedn
umberofadul
to�spring(em
igrantornot)
ofa

mutantparent
amongjmuta
ntparents.Th
eexpe
tednu
mberofo�spr
ing

6



jw
j

ofthejmutan
tsinthenextg
enerationissim
plythesumof
theexpe
ted

numberofsu


essfulemigra
nts(h j)ando
flo
allysettle
do�spring(N

π
j

).

Thatis,

h
j
(δ
)
+
N
π
j
(δ
)
=

jw
j
(δ
).

(4)

IntheAppend
ix,itisshown
thatR′ m
anb
ewrittenas

R
′ m=1 d

[

κ̇
(j
w

′ j
)
+
κ̈
(j
w

′ j
)F

]

.

(5)

where disthe
probabilityth
atanadultis
animmigrant
inapopulatio
n

followingthe
residentstrate
gy,κ̇(jw′ j

)

andκ̈(jw′ j
)

arethe
oe�

ientsof

j

andj2 /Nin
theexpansion
forjw′ j

,andFisth
eprobability
thattwo

individualssa
mpledwithre
pla
ementin
apat
hhave
a
ommonan

estor

inthepat
h. Simpleandwe
ll-knownargum
entsareavaila
bleto
omput
eF[17,18℄,so

itisusefultoe
xpressR′ mint
ermsofF.Be
tweentwosu


essivegenera
tions

t

andt+1,Fo
beysthere
ur
sion

F
(t
+
1
)
=

1
/N

+
(1

−
1
/N

)(
1
−
d
)2
F
(t
)

(6)

where1/Nist
heprobability
thatthesame
individualissa
mpledtwi
e,(

1
−

d
)2

istheprobabil
itythattwodi
�erentindivid
ualsarebothn
on-immigrants
,

andthenF(t)

istheprobabi
litythattheir
parent(s)was
orwerefrom
the

samefamily,i
.e.des
endfr
omthesame
immigrant.T
husthestatio
nary

valueof Fis

F
=

1

N
−
(N

−
1
)(
1
−
d
)2
.

(7)

Thede�nition
of Fasthepr
obabilitythat
twoindividual
sdes
endfrom

thesameimm
igrantisalsoa
de�nitionofth
egeneti
stru

tureparamete
rs

usedinpopula
tiongeneti
s(
e.g.,[17℄),whi

hareoftenu
sedasrelatedn
ess


oe�
ientsin
kinsele
tiont
heory(e.g.,[1
9,20℄).Hen
e

F

isarelatednes
s


oe�
ient.Ind
eedwe
anwr
ite R

′ m=W IF/d
(8)

whereW IFist
hein
lusive�t
ness
onsidere
dinotherwor
ks(seethedisp
ersal

examplefora

on
reteillustr
ation).The1/

d

fa
tormeanst
hatR mmeasu
res

e�e
tsofsele

tionoverana
verageof1/d
generations,in

ontrasttoW
IF

whi
hmeasure
sthemoveron
egeneration. 7

R
′ misafun
tion

oftheresident
strategyz.As
notedabove,R

′ mservesto

�nd
andidate
ESSsz∗ su
h
thatR′ m=0a
tz∗ .Lo
al
o
nvergen
estab
ility

isdetermined
bythesignof

R
′ maroundz∗ ,

whi
hmaybe
dedu
edfrom

thesignofdR
′ m/dzatz∗ .A

stheAppli
at
ionsbelowsho
w,itmaynot
be

ne
essaryto

omputedR′ m/

d
z

toobtainthe
signofR′ man
dthusto
he

k


onvergen
est
ability.

R
′
′ m Wenow
onsid

erinvasionby
mutantsnear
a
andidateE
SS z∗ .Toexp
ress

R
′
′ mwegeneraliz

etheκnotatio
nintrodu
eda
bove.Letκ̇(f

),κ̈(f)and˙̈ κ(
f
)

bethe
oe�
i
entsofj,j2 /N
andj3 /N2 in
theexpansion
forsomequan
tity

f

.Weobtain R
′
′ m=1 d

[

κ̇
(j
w

′
′ j
)
+
κ̈
(j
w

′
′ j
)F

+
˙̈ κ
(j
w

′
′ j
)K

]

+
1 d
κ̈
(j
w

′ j
)4
(N

−
1
)N

2
π
1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

(9)

whereKisth
eprobabilityt
hatthreeindiv
idualssampled
withrepla
em
ent

inthesamepa
t
hdes
endfro
mthesameim
migrant. K
a
nbe
omputed
by

thesamemeth
odsasF,asd
etailedinthe
Appendix.All
elementshere
are

evaluatedatδ
=

0

.Aproofispr
esentedinthe
Appendix,and
evaluationof

thisformulai
ntheAppli
a
tionswas
he

kedagainstnu
meri
alevalua
tion

ofR mbyeq.
3.These
ond
lineofeq.9in

ludes�tness
e�e
tsdepend
ing

on
hangesin
relatednessdu
etosele
tion(
seeDis
ussion
).Ingeneral,

π
j

is

oftheordero
f1/N,Fisof
theorderof1

/N

andKofthe
orderof1/N2

,

sothewholes
e
ondlineofe
q.9isoftheo
rderof1/Nan
d
annotbeea
sily

negle
tedrelat
ivetotherem
ainderofR′′ m.

Appli
atio
ns

Hereweapply
theaboveresu
lts�rsttoasi
mplemodelof
evolutionofd
is-

persal[21℄.Al
thoughdisrup
tivesele
tion
hasbeenfoun
dinotherdisp
ersal

models(e.g.,[
22�24℄),itisn
otexpe
tedto
o

urinthism
odel,whi
hse
rves

mainlyto
om
paretheprese
ntapproa
hw
ithaprevious

omputationo
fsta-

blestrategies.
Nextwe
onsi
dertwomodel
sofresour
e

ompetition,on
eof

whi
hwaspre
viously
onsid
eredinref.[25
℄.Thesearesm
allpat
h,limi
ted

8



dispersalversi
onsofa
lass
ofmodelsof

ompetitionwi
dely
onsidere
din

previouswork
s:seee.g.[16,
25�29℄,andre
feren
estherei
n.

Dispersal Thetraitunde
rsele
tionisth
edispersalpro
babilityofjuve
niles,andther
eis

asurvival
ost

c

ofdispersal:t
hesurvivalpr
obabilityofdi
spersedjuveni
les

is(1−c)time
sthatofphilo
patri
ones.F
ormutantswi
thdispersalz

+
δ,

theprobability
thatanindivid
ualisthephilo
patri
des
end
antofamutan
t

parentis π
j
(δ
)
=

j[
1
−
(z

+
δ)
]

j[
1
−
(z

+
δ)
]
+
(N

−
j)
(1

−
z
)
+
N
z
(1

−
c)
.

(10)

Thisexpressio
nisobtained
astheratioo
ftherelative
numberofmu
tant

juvenilesthat
donotdisper
se[whi
his 1

−
(z

+
δ)

forea
hofj

mutant

parents℄toth
erelativenum
berofjuvenile
swhi
h
ome
in
ompetition
in

thepat
h.Th
elatteristhe
numberofphi
lopatri
juven
iles,1−(z+δ

)

for

ea
hofthejm
utantparents
and1−zfor
ea
hoftheN

−
j

non-mutants,

plustherelati
venumberof
immigrantjuv
enilesfromot
herpat
h,wh
i
his

N
z
(1

−
c)

asparentsin
otherpat
hes
arenotmutan
tsandtheirju
veniles

paythe
osto
fdispersal. Likewise,then

umberofsu

e
ssfulemigrant
o�springofea

hdeviantpar
-

entis

h
j
(δ
)
=

j(
1
−
c)

z
+
δ

1
−
z
c

(11)

be
auseea
hd
eviantparent

ontributesa
relativenumb
er (1−c)(z+

δ)

of

emigrantjuven
ileswhi
h
om
petewitharel
ativenumberN

[1
−
z
+
(1
−
c)
z
]
=

N
(1

−
z
c)

of
ompetingj
uvenilesineve
ryotherpat
h
,andNadult
o�spring

aresampledo
utofthesejuv
eniles(hen
eN

disappears).

Fromtheseex
pressionsand
fromeq.4,on
eobtains

κ̇
(j
w

′ j
)
=

−
c

1
−
cz

(12)

and

κ̈
(j
w

′ j
)
=

1
−
z

(1
−
cz
)2

(13)

sothatR′ m=0

onlyforz∗ =(
F
−
c)
/
(F

−
c2
),aformulakn

ownsin
eref.[
21℄.

Togetherwith
eq.7andthe
relationshipd

=
(1

−
c)
z
/
(1

−
cz
)

betweenthe

9

immigrationp
robabilitydan
dtheemigrati
onprobability

z

,thisyields
z
∗
=

1
+
2
N
c
−
√

1
+
4
N
(N

−
1
)c

2

2
c(
c
+
1
)N

.

(14)

Expli
itlyeval
uating dR′ m/d

z

atthe
andida
teESSwould
be
umbersom
e,

butitiseasily
veri�edthatR

′ mispositive(
resp.negative
)aszapproa

hes

0(resp.1).Si
n
eR′ mdoesn
otvanishbetw
een0andz∗ ,

R
′ mmustin
rea

se

(resp.de
reas
e)from0whe
nzde
reases
(resp.in
rease
s)fromz∗ .He
n
e,

z
∗

islo
ally
onv
ergen
estable
.Further,atz

∗

,
R

′
′ m=2(

F
−
c2
)

2
[

F
+
2
c2

(N
−
1
)]

(c
K

−
F

2
)

d
(1

−
c)

2
F

4
.

(15)

Fromthisform
ula,R′′ m<0,i
.e.the
andid
ateESSisind
eedanESS,si
n
e

cK
<

F
2

atthe
andida
teESS.Thela
tterresultisn
otobvious,bu
t
anbe

veri�edasfoll
ows.Usingeq
.40toelimina
tethethree-ge
nesrelationshi
pK,

thesignofR′′ m
isseentodep
endonthesig
nofthefa
tor
sF−c(whi
h
is

positive)andc
3
(

N
2
−
1
)

+
cF

−
N

2
F

3

.Thelatteris
alwaysnegativ
efor0<

c
<

1

andN≥1,be

ausethethird
orderpolynom
ialinx,c3( N

2
−
1
)

+
cx

−
N

2
x
3

,hasonlyone
realrootr,wh
i
hissu
htha
tr<(1−c+2

cN
)/
(2
N
)
<

F

. Theequivalen

ewiththe�di
re
t�tness�m
ethodprevious
lyusedtoobta
in

eq.14andrela
tedresults(e.g
.,[20,30℄)
an
beveri�edasf
ollows.A

ord
ing

tothismethod
,one
onsiders
the�tnessfun

tion

w
(z

•
,z

0
)
≡

w

p+w d≡
1
−
z •

1
−
z 0

+
(1

−
c)
z
+

z •
(1

−
c)

1
−
cz

(16)

whi
hdes
ribe
stheexpe
ted
numberofo�s
pringofanind
ividualwithd
is-

persalprobab
ilityz •inap
at
hofindivid
ualswithmea
ndispersalz 0

ina

populationwi
thresidentdis
persalz[20,3
0,31℄.Sin
ej

w
j
=

jw
(z

+
δ,
z
+

jδ
/N

),κ̇(jw′ j
)

andκ̈(jw′ j
)

areequaltot
hetwopartia
lderivativeso
fw,

yielding

R
′ m=1 d

[

∂
w

∂
z •

+
∂
w

∂
z 0

F

]

.

(17)

Theterminb
ra
ketsisthe
in
lusive�tne
ss[20℄.One
wouldalsoob
tain

10



(withπ 1(0)=
w

p(z∗ ,z∗ )/N)

R
′
′ m=1 d

(

w
(2

,0
)
+
2
w

(1
,1
)
F
+
w

(0
,2
)
K
)

+
4 d
F
(N

−
1
)

(

K
∂
w

p

∂
z 0

+
F
∂
w

p

∂
z •

)

w

p∂
w

∂
z 0

(18)

wherew(i,j) is
thederivative
ofw,itimes
withrespe
tt
oz •,andjtim
es

withrespe
tt
o z 0.Su
hex
pressionsare

onvenientwhe
n�tnessisex
a
tly

afun
tionof

z 0

(i.e.whenthe
phenotypesof
allneighborsd
onotneedto

bedistinguish
ed),butthey
maynotbeus
efulotherwise
.

Competition
forresour
e

Herewe
onsi
deramodelw
hereanindivi
dualisinstro
nger
ompetit
ion

withotherind
ividualswhi
h
havephenotyp
essimilartoit
sownphenoty
pe.

Manypreviou
smodelsarep
henomenologi

al,e�e
tivelya
ssumingthate
a
h

individualexp
loitsonlyone
typeofresour

ea

ordingt
oitsphenotyp
e,

yetthatitint
erferesmorew
ithindividual
swithsimilar
phenotypes.F
or

apopulations
ubdividedins
mallpat
hes,
su
hamodel
wasformulate
din

ref.[25℄andfu
llyanalyzedin
the
aseN=

2

.However,its
formulationis

relatively
om
plex,sowew
illanalyzeher
easlightlydi
�erentmodel,
and

the�nalse
tio
noftheAppe
ndixgives
om
parableresult
sforthemode
lof

ref.[25℄.Both
modelshavesi
milarqualitati
veout
omes,w
hi
h
onverge
for

largepat
hsiz
e. Hereweassum

ethatea
hin
dividuale�e
t
ivelyexploits
arangeofre-

sour
eandth
atinterferen
e
on�tnessofs
imilarphenoty
pesresultson
ly

froms
ramble

ompetitionfo
ra
quisitiono
fresour
e(e.g
.,[26℄).We
o
n-

siderarangeo
fresour
e,su

hthatresour

eoftype yha
sabundan
eρ

(y
),

whi
histhesa
meinallpat
h
es.Weassume
thatresour
e
followsanorm
al

distribution,

ρ
(y
)
=

ex
p

[

−
(y

−
y m

)2

2
σ
2 ρ

]
/

(

√
2
π
σ
ρ

)

(19)

forsome
onst
antσ ρ,andso
mey msu
hth
atresour
ey m
isthemostab
un-

dantone.σ ρd
es
ribesthewi
dthofthedist
ributionofres
our
eoverdi�
erent

types. Weassumeth
atea
hindivi
dual
annote
xploitallreso
ur
eswithequ
al

e�
ien
y.An
individualiw
ithphenotype

z i

exploitsresou
r
eywithan

11

e�
ien
ygive
nbyane�
ie
n
yfun
tionα

(y
,z

i
),su
hthatt

heindividual

getsafra
tion

α
(y
,z

i
)/

∑

N k
=
1
α
(y
,z

k
)

ofresour
ey,
whi
histhera
tioofits

owne�
ien
y
atexploitingr
esour
eytoth
esumofe�
ie
n
iesatexploi
ting

y

amongallind
ividualsinthe
population.W
eassumethat
thee�
ien
y

fun
tionisnor
mal-shaped, α

(y
,z

i
)
=

ex
p

[

−
(y

−
z i
)2

2
σ
2 α

]

(20)

forsomeσ α,id
enti
alforalli
ndividuals.Th
us,individual

i

isbestatexplo
it-

ingresour
ez i
,andσ αquant
i�esthedivers
ityofresour
e
thatanindivid
ual

mayexploit.
Anindividual
strategyisth
erefore
hara

terizedbyz i

and


onstrainedby
therangeofre
sour
esit
an
e�
ientlyexp
loitaroundz i.

Belowwe
ons
iderresidents
withstrategy

z i
=

z

andmutantsw
ithstrat-

egyz i=z+δ
.Hen
e,ina
pat
hwithjm
utantsandN

−
j

non-mutants,

∑

N k
=
1
α
(y
,z

k
)
=

jα
(y
,z

+
δ)

+
(N

−
j)
α
(y
,z
) .

Theshares j(δ
)

oftotalresour

ethatindivid
ualiobtainsi
sitsshareof

resour
ey,tim
esabundan
e
ofresour
ey,
integratedove
rthedistribut
ion

ofy.Hen
e,in
apat
hwithj
mutantsandN

−
j

non-mutants,
itis

s j
(δ
)
=

∫

+
∞

−
∞

ρ
(y
)

α
(y
,z

+
δ)

jα
(y
,z

+
δ)

+
(N

−
j)
α
(y
,z
)
d
y
.

(21)

Weassumeth
attheexpe
te
dnumberofju
venilesofanin
dividualispro
por-

tionaltothis
share s joftot
alresour
e.T
heprobability
thatanindivi
dual

intheo�sprin
ggenerationis
thedes
endan
tofanyoneof

j

mutantparent
s

initspat
his
then π

j
(δ
)
=

js
j
(δ
)(
1
−
d
)

(22)

andtheexpe
t
ednumberofs
u

essfulemig
rantgameteso
fjmutantpar
ents

is
h
j
(δ
)
=

N
dj
s j
(δ
).

(23)

Thefa
tor N

appearshere,
asinthedisp
ersalexample,
be
auseNad
ults

settleinea
h
pat
h.Agene
ral,useful
he

kofexpressio
nsforπ jand

h
j

is

thatjw j(0)=
j
=

h
j
(0
)
+
N
π
j
(0
)

(fromeq.4).

Hereκ̇(jw′ j
)
=

−
κ̈
(j
w

′ j
)
=

(y
m
−
z
)/
σ
2 α

.Hen
e

R
′ m=1 d

σ
2 α

(y
m
−
z
)(
1
−
F
).

(24)
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R
′ misofthesig

nofy m−z,w
hi
hmeans,as
expe
ted,that
thepopulation

willevolveto
exploitthemo
stabundantre
sour
e,z∗ =y

m

.Inotherwor
ds,

y m

islo
ally
onv
ergen
estable
.Atz∗ ,simila
r
omputation
syield

R
′
′ m=σ

2 ρ

d
σ
2 α

[
(

1 σ
2 α

−
1 σ
2 ρ

)

(1
−
F
)
−

2 σ
2 α

(F
−
K
)]

.

(25)

Forgivend,F

andKbe
om
enegligibleas

N

in
reases(the
yareofthe

orderof1/Na
nd1/N2 ,resp
e
tively),and
inthelimitwe
re
overtheres
ult

forpanmi
ti

populations,t
hatdisruptive
sele
tiono

u
rswhen σ α>

σ
ρ

,

i.e.whenthe
resour
eismo
rebroadlydis
tributedthan

anbee�
ien
tly

exploitedbyo
neindividual. Populationstr

u
tureinhibits
bran
hing,ap
reviouslynote
dresult[25℄fo
r

theinterferen

e
ompetition
model(seeAp
pendix):forN

=
2

,

R
′
′ m=−(2−d

)

σ
2 α
(1

−
d
)2

(26)

isalwaysneg
ativeand,un
expe
tedly,is
independento
f σ ρ(be
ause
the

terminbra
k
etsineq.25
isthenindepe
ndentofσ αa
ndproportion
alto

1
/
σ
2 ρ

).ForanyN

,theexa
t
o
nditionfordis
ruptivesele
ti
onis1/σ2 α

>
1
/
σ
2 ρ
+

2
(F

−
K
)/
(1

−
F
)/
σ
2 α

.Thelatter
o
nditionis
om
plex,be
ause

F
−
K

1
−
F

=
(1

−
d
)2
(N

−
2
)
+
N
(2

−
d
)

(2
−
d
)(
N

2
−
(N

−
1
)(
N

−
2
)(
1
−
d
)3
)
,

(27)

butitimplies
thatbran
hing
isinhibitedby
smallpat
hsiz
eandlowdisp
er-

sal.Thisresul
t
anbeunder
stoodasfollow
s[25℄.Therei
sdisruptivese
le
-

tionwhenade
viantindividu
algains�tness
fromavoiding

ompetitionw
ith

theresidentst
rategy.Howev
er,inasubdiv
idedpopulatio
n,
ompetition
is

preferentially
withgeneti
al
lyrelatedindi
viduals,i.e.w
ithindividuals
more

likelytobed
eviantthanth
eaverageindi
vidualinthe
population.T
hen,

deviantindivid
ualsdonotav
oid
ompetitio
nasmu
hasi
ftheneighbor
sin

thepat
hwer
enotrelated. Sin
e Kisof

theorderof1
/N

2

,itmayseem
reasonableto
approximate

R
′
′ mbysetting

K
=

0

.Thisseems
toworkwell
onlyforNla
rgeandd

large(Figure
1),be
auseK

isnotnegligib
lewhend→0
evenforlarge

N

.

IgnoringKwi
llbemisleadin
ginthis
ase.

Thestrategyz
∗
=

0

maybelo
ally
stablewithout
beingglobally
stable:

R
′
′ m<0doesno

tex
ludethat
mutantswith
largee�e
ts
o
uldinvade(fo
r

13

examples,see
[32,33℄).Her
ethismayha
ppenforana
rrowrangeof
pa-

rametervalues
inthestru
tur
edpopulation
model,eventh
oughitdoesn
ot

happeninasi
nglelargepat

hofin�nitesi
ze.Inasingle
largepat
hat
the


andidateESS
,the�tnessof
asinglemutan
tis

w
j
(δ
)
=

ex
p

[

(

1 σ
2 α

−
1 σ
2 ρ

)

δ2
σ
2 ρ

2
σ
2 α

]

(28)

sothatlarge
mutationsinv
adeifandon
lyifsmallmu
tationsinvade
.In

stru
turedpop
ulations,globa
lstabilitywas
investigatedb
ynumeri
alev
al-

uationof R m,
fo
usingonth
reshold
ombi
nationsof σ2 ρ

/
σ
2 α

anddsu
htha
t

R
′
′ m=0,thatis

onthesetofp
arametervalu
esrepresented
bythelinesin

Figure1.By

ontinuity,iffo
rsomemutant
sR m>1inth
eneighborhoo
dof

thesethreshol
dvalues,there
mustbe
lose
valuesofσ ρ/σ

α

anddsu
htha
t

R

m>1forsom
emutantswhi
leR′′ m<0,wh
i
histhesoug
htphenomeno
n

ofglobalinsta
bilitydespitel
o
alstability.
Itwasfoundt
ohappenfors
ome

parameters
o
mbinationsas
showninFigu
re2.Notetha
tR m
anbeq
uite

largeinsome

ases,e.g.R m

>
1
8
2

forN=36,d
=

1
/
1
0
0

(implyingthe

thresholdvalu
eσ2 ρ

/
σ
2 α
≈

3
.9
4

),andδ=0.7
2
9

,sothesele
t
ivepressuresa
t

work
ouldbe
e�
ientonas
horttimes
al
e.

Tosomeexte
nt,globalins
tability
ould
besoughtfro
mhigher-orde
r

derivativesof
R

m.Inthepre
sent
asethe
symmetryof
sele
tiononm
u-

tantswithe�e

t δand−δim
pliesthatR m
isanevenfun

tionof δarou
nd

the
andidate
ESSandthat
allitsodd-ord
erderivatives
arenull,soat
least

thefourth-ord
erderivatives
shouldbe
ons
idered.Inpra

ti
e,thiswou
ldbe

very
omplex. Dis
ussio
n

Thispaperha
sshownhow
lo
alevolution
arystability

onditions
an
be


omputedins
tru
turedpop
ulations.The
expressionfor

R
′ m,whi
hdete

r-

mines
onverg
en
estability,
is
onsistentw
ithearlierresu
ltsfromin
lus
ive

�tnesstheory.
Theexpressio
nforR′′ m,whi

hdetermines
evolutionarys
ta-

bilitystri
tos
ensu,isnew.
Thesearelo
a
lstability
on
ditions:nume
ri
al

evaluationofR

misrequiredt
o
he
kthatm
utantsoflarge
e�e
t
ouldno
t

invadeevenif
mutantsofsm
alle�e
t
ann
ot.HereIwil
l
ommenton
the

di�erentroles
thatrelatedne
ssplaysinme
asuresof
onv
ergen
eande
vo-

lutionarystab
ility,andinth
isperspe
tive
Iwilldis
uss
theinterpreta
tion
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ofthedi�eren
ttermswhi
h
appearinthe

omputationo
fR′ mandR′′ m
as

detailedinthe
Appendix. Evaluationof

R
′ minvolves
om

putationofhB
′
i,andthislead

sto
ompu-

tationofj2 Bi

,wherej2 =(
1
,2

2
,.
..
,N

2
).j2 Biisthe

sumovergene
rations

oftheexpe
te
dsquarenumb
erofdes
enda
ntsofanimm
igrantinitspa
t
h,

andthereforei
naneutralmo
delitispropor
tionaltorelate
dness(seeeq.
37).

Thuswere
ov
erexpressions
forin
lusive�
tnessinterms
ofrelatedness
in

aneutralmod
el.Here,relat
ednessdes
rib
estheprobabi
litythattwog
enes

havea
ommo
nan
estorwit
hinthepat
h
theyaresamp
ledin;thisis
the

propertyofre
latednessthat
isrelevantin
relatingin
lus
ive�tnessto
the

�tnessofrare
alleles. In
ontrast,e

valuationofs
e
ond-order�
tnesse�e
tge
nerallyrequir
es

evaluationoft
hee�e
tofsel
e
tiononrelat
edness.Thish
asbeenprevio
usly

a
knowledged
[10℄butnotta
kenintoa

ou
ntbe
auseitw
asnotfoundh
ow

to
omputeth
esee�e
ts.Th
isproblemhas
beensolvedhe
re.Sin
ethet
erm

j2
B
i

isproportiona
ltorelatednes
s,j2 B′ iisprop
ortionaltothe
derivativeof

relatedness,an
dthistermis
in
ludedinR

′
′ m.Thepresen

tanalysisfurt
her

showsthatit

anbeexpres
sedasfun
tio
noftheprob
abilitythatth
ree

geneshavea

ommonan
e
storwithinth
epat
h,ina
neutralmodel
(see

eqs.51�53). Thedi�erentt
ermsofR′′ m
a
nbeinterpret
edbydistingu
ishinge�e
tso
n

thedistributio
nofmutantfa
milysizeinge
nerationt(the
parentsofthe
next

generation)an
de�e
tsonth
enumberofo�
springofthese
parents.The�
rst

lineoftheexp
ressionforR′′ m
,

1 d

[

κ̇
(j
w

′
′ j
)
+
κ̈
(j
w

′
′ j
)F

+
˙̈ κ
(j
w

′
′ j
)K

]

,

(29)

representsse

ond-ordere�e

tsonthenum
berofo�sprin
gofthesepar
ents,


umulatedove
rallgeneratio
ns.Theyin
lu
dee�e
tsont
heprobability
that

next-generatio
nindividuals
willbeofphi
lopatri
origin
(π′′ j

)andonthe

produ
tionof
su

essfulemi
grants(h′′ j

),whi
hareg
atheredinthe
single

termjw′′ j

.Theseterm
sdi�erfrom
previousexpre
ssionsforse
o
nd-order

e�e
ts:we�n
dathree-gene
relationship K
[intheterms

˙̈ κ
(j
w

′
′ j
)K

above

andw(0,2) Kin
eq.18℄inpla

eofrelatednes
sinthe
orres
pondingterm
of


ondition(15b
)in[10℄.Here

K

doesnotappe
arasmeasurin
gane�e
tof

sele
tiononre
latedness,but
be
ause�tnes
s(w j)ofamu
tantfo
alindi
vid-

ualisa�e
ted
inanonaddit
ivewaybypa
irsofmutant
neighbors(wh
ere

15

individualsar
e
onsidered�
withrepla
em
ent�,sothatt
hefo
alindiv
idual

anditstwone
ighborsmaya
llbethesame
individual).

Theremainde
rof R′′ m,

1 d
κ̈
(j
w

′ j
)4
(N

−
1
)N

2
π
1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

,

(30)

isentirelynew
.Itisoford
er1/N,soth
atit
annotb
eeasilynegle

ted

relativetooth
erkin
ompet
itione�e
ts.
It
ompounds
�rst-ordere�e

ts

onthedistrib
utionoffamil
ysizeingener
ationtwith�
rst-ordere�e

tson

thenumbero
fo�springof
theseindividu
als,h jandπ j
.Thedistribu
tion

offamilysize
isgivenbyAt

i

(eq.2).There
fore,thee�e
t
sofsele
tion
on

thisdistributio
naregivenby
derivativesofA

t

,andthe
umu
lativee�e
tso
f

sele
tionover
generationsar
egivenbyder
ivativesof(I−

A
)−

1
≡

B

.Thus,

allexpe
tede�
e
tsofsele
tio
nonthegenet
i
stru
tureof
theparentsin
ea
h

generationare
a

ountedby

B
′

inthe2(h′ +
jA

′
)B

′
i

termofeq.56
.The

lattertermde
terminesthew
holeexpressio
n(30)above.
Itinvolvese�e

ts

notonlyonre
latednessbut
alsoonthem
eansizeofthe
familydes
end
ed

fromanimmig
rant. Ourresultsha

vereliedupon
thehighestor
derterminth
eexpansionof

jw
′ j

beingj2 ,and
j3

forjw′′ j

.Indiploidp
opulationswit
hdominan
e
at

thelo
usunde
rsele
tion,th
ehighestorde
rtermforjw′ j

wouldbej3 .T
he

evaluationofR
′ mwouldinvol

vethethree-g
enerelationsh
ip,andR′′ mwo
uld

alsodependon
higherpowers
ofj.

Previous
ons
iderationofR
mhasbeenb
asedonthep
rin
iplethatw
e

should
ompu
te�tnessfora
raremutant[1
2℄,whererare
meanshereth
at

�tnesse�e
ts

anbe
ompu
tedby
onside
ringasinglei
mmigrantmut
ant

inapopulatio
nofresidents.
Butthe
on
e
ptof
onverge
n
estabilitya
lso

requiresthatw
henR′ m6=0,
sele
tionhast
hesamedire

tionwhatever
the

mutantfreque
n
y,sothata
lleleinvasioni
mpliesalleler
epla
ement.I
nthe

in�niteisland
model,thedir
e
tionandma
gnitudeof�rs
t-ordere�e
ts
on

�tnessarethe
samewhateve
rthemutanta
llelefrequen
y
.Thisisadist
in
t

resultowingto
adistin
t
on

eptofrelatedn
ess,theso-
all
edregressiond
e�-

nitionofrelate
dness[34,35℄.
Thisrelatedne
ss
on
eptserv
estodes
ribe
the

probabilityth
attwoindivid
ualswithina
pat
hshareth
esameallelew
hen

thealleleisn
otrareinthe
population,an
dimpliesthat
sele
tionisno
t

frequen
y-dep
endent.Thus
twodistin
t

on
eptsofrel
atednessare

alled

forinthe
om
putationof�t
nesse�e
tson
raremutantsa
ndof
onverge
n
e

stability.How
ever,inthein
�niteislandm
odel,thesame
measureFqu
an-

16



ti�esboth
on

eptsofrelate
dness,andR′ m
isappropriate
for
omputing


onvergen
est
ability.Thish
oldsbe
ausew
hetherthemu
tantalleleisr
are

ornot,the�rs
t-order�tness
e�e
tsdepend
ontheprobab
ilitythattwog
ene

lineagessampl
edinapat
hh
avea
ommon
an
estorinth
ispat
h,i.e.t
hat

theydes
endf
romthesame
immigrant[36
℄.By
ontrast
,evolutionary
sta-

bilitydepends
onfrequen
y-d
ependentsele

tion,sonouse
oftheregressi
on

de�nitionis

alledforinth
eevaluationo
fthe
onditio
nforevolutio
nary

stabilitystri
t
osensu.

Con
lusio
ns

Thepresentp
apermakes
l
eartherelatio
nshipbetween
in
lusive�tne
ss


on
eptsand
thealternativ
eapproa
hba
sedonthenu
mberofsu

e
ssful

emigrants.Th
eappli
ations
arestraightfor
ward.Inthe
dispersalmod
el,

bran
hinghas
neverbeensu
ggestedtoo


ur,anditissh
ownherethat
se-

le
tionisneve
rdisruptivea
tthe
andida
teESS.This
exampleserve
sto

illustratethe
relationshipw
ithsomete
h
niquesfromin

lusive�tness
the-

ory.Inthemo
delof
ompeti
tionforresour

es,population
stru
tureinhib
its

bran
hing.Ou
rresultsallow
adeeperanaly
sisofthisexam
ple,andwe�n
d

thatthereare
afew
asesof
globalinstabil
itydespitelo

alstability.

Appendix
:
omput
ationofR

′ mandR′′ m

Eigenve
to
rsandeige
nvaluesof

A

andBatδ
=

0

Computation
oftheeigenva
luesandeigen
ve
torsofAa
llowsevaluatio
nof

variousexpres
sionsinvolving

A

andB.Howev
er,theexpress
ionsformost

eigenve
torsa
re
omplex,a
ndouranalys
esa
tuallyav
oidasmu
ho
fthis

algebraaspos
sible,ex
eptfo
rthefewresu
ltsstatedinth
isse
tion.

Letjm ≡(1,2
m
..
.,
N

m
)

betheelemen
t-wiseprodu
t
ofjwithitself

m

times.Let1b
etheve
tor(1

,.
..
,1
)

oflengthN.L
etj (m)≡j(j−

1
)
..
.[
j
−

(m
−

1
)1
],alsointerm

softheeleme
nt-wiseve
tor
produ
t[i.e.,
itsjth

elementisj(j
−
1
)
..
.(
j
−
m

+
1
)℄.Then

j (
m

)
A

=
jm

N
(m

)
π
m 1

(31)

whereN (m)≡
N
(N

−
1
)
..
.(
N

−
m
+
1
).Thisresult

followsfromw
ell-known

resultsforfa
t
orialmoments
ofthebinomia
ldistribution.
Thejtheleme
nt

17

ofjk Aisthe

k

thmomentof
thebinomiald
istributionwit
hparameters

N

andπ j,hen
e
thejthelemen
tofj (m)Aist
hemthfa
tor
ialmomentof
the

binomialdistr
ibutionwithp
arameters N
andπ j,i.e.i
tisN (m)πm j

.For
δ
=

0

,thiselement
isalsojm N (m

)π
m 1

;fromwhi
he
q.31follows.

Then,oneway
toobtainthee
igenvaluesand
eigenve
torso
fAistonote

that jk =∑ k m
=
1
S(

m
)

k
j (
m

)

,wheretheS(
m

)
k

'saretheStir
lingnumberso
fthe

se
ondkind[3
7℄.Thusjk A

=
∑

k m
=
1
S(

m
)

k
jm

N
(m

)π
m 1

,whi
hrelates
jk
A

for

anyktolower
element-wisep
owersofj.Fo
rk=1,thisy
ieldstrivially
the

�rsteigenvalu
eandeigenve

tor.Together
withk=2,th
isyieldsthese

ond

eigenvalueand
eigenve
tor,an
dsoon.Thee
igenvaluesofA
are

λ
m

=
N

(m
)
π
m 1
,

(32)

andeigenve
to
rsasso
iatedt
oλ 1andλ 2ar
ee 1=jande

2
=

j
+
[(
N

−
1
)π

−
1
]j
2

.Itappearsth
atmoreeigenv
e
torsarenot
needed.Conve
rsely

j2
=

N

1
+
(N

−
1
)d

(j
−
e
2
).

(33)

Evaluation
ofjB,j2 B,

j2
B
i

andj3 Bi
Note�rstthat

1
−
N
π
1
(0
)
=

d

.Thisisane

essary
onsequ
en
eofthefa

t

thattheparen
tofanyindivi
dualiseither
fromthepat
h
(withprobabil
ity

N
π
1

whenδ=0),
orimmigrant
(withprobabi
lityd,byde�
nition,when

δ
=

0

).Then,given
B

≡
(I

−
A
)−

1

,

jB
=

j(
1
−
λ
1
)−

1
=

j(
1
−
N
π
1
)−

1
=

j/
d

(34)

atδ=0.Th
us,the�tness
ofaneutralm
utantishBi=

d
jB

i
=

1

,asit

shouldbe. Fromeq.33,
j2
B

=
N

1
+
(N

−
1
)d

(

j d
+

e
2

1
−
λ
2

)

(35)

=
(1
/
d
−
1
)N

F
j
+
N
F
j2

(36)

whereFisgiv
enbyeq.7.T
hen,j2 Bi=N

F
/
d

.Thisresult

anbeobtained

byamoreenl
ighteningappr
oa
h.j2 Bi=j

2
∑

∞ t=
0
A

t
i


anbeviewed
asthe

expe
tationof
thesumover
generationsof
thesquaredsi
zej2 ofthefa
m-

ilydes
ended
fromaninitia
lmutant.Ina
nygeneration,
expe
tedsqua
red
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familysizeis

N
2

timestheprob
abilitythattw
oindividuals
sampledwith

repla
ementb
elongtothesa
mefamily,i.e.
thattheydes

endfromthes
ame

immigrant.T
helatterprob
abilityis F,a
snotedinthe
maintext.Th
en,

thesumover
alongtimeT

ofexpe
tedsq
uaredfamilys
izesisN2 TF.
It

isalsothenum
berofimmigr
antsTNdtim
estheexpe
ta
tionoffamily
size

summedover
generationssi
n
ethefamily
'san
estorim
migratedinto
the

pat
h,j2 Bi.H
en
e j2

B
i
=

N
2
T
F
/
(N

T
d
)
=

N
F
/
d
.

(37)

Thisargumen
tiseasilygen
eralizedtooth
erfun
tionso
fnumberofm
u-

tants.Inpart
i
ular

j3
B
i
=

N
2
K
/
d

(38)

whereKisth
eprobabilityt
hatthreeindiv
idualssampled
withrepla
em
ent

inapat
hdes

endfromthes
ameimmigran
t.K
anbe
o
mputedasfoll
ows:

thethreeindi
vidualssampl
edwithrepla

ementareeith
erthreetimes
the

sameindividu
al(withproba
bility1/N2 ),o
rtwoofthem
arethesamea
nd

di�erfromat
hird[withpro
bability(1−1

/N
)3
/N

℄,ortheyarea
lldistin
t.

Inthelatter
a
seswe
onsider
theiroriginin
thepreviousge
nerationt.Th
ese

di�erent
ases
giveare
ursio
noversu

ess
ivegeneration
standt+1:

K
(t
+
1
)
=

1 N
2
+

3 N

(

1
−

1 N

)

(1
−
d
)2
F
(t
)+

(

1
−

1 N

)
(

1
−

2 N

)

(1
−
d
)3
K
(t
). (39)

Then,thestat
ionaryvalueo
fKis

K
=

1
+
3
(N

−
1
)(
1
−
d
)2
F

N
2
−
(1

−
d
)3
(N

−
1
)(
N

−
2
)
.

(40)

Evaluation
ofR′ m

Consider

R
′ m=h′ Bi+hB

′
i.

(41)

Allelementsa
reevaluateda
tδ=0.Thej
thelementofh

′


anbeexpand
ed

intermsofj

andj2 andof
modelparame
ters.Letκ̇(f)
andκ̈(f)fort
he


oe�
ientofj

andj2 /Nint
heexpression
forsomequan
tityf,andexp
and

h
′ j

inthisway.T
hen R

′ m=[

κ̇
(h

′ j
)j
+
κ̈
(h

′ j
)j

2
/N

]

B
i
+
h
B

′
i.

(42)
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Inδ=0,h=
d
j,sothat,usin

gB′ =BA′ B
(see[38℄,p.15
1)andeq.34,

h
B

′
=

d
jB

A
′
B

=
jA

′
B
.

(43)

Theltheleme
ntofjA′ isth
ederivativeof
theexpe
tatio
nofthebinom
ial

distribution(1
),hen
eitisN

π
′ l.Then

jA
′
=

N
[

κ̇
(π

′ j
)j
+
κ̈
(π

′ j
)j

2
/N

]

(44)

and,usingeq.
43, h

B
′
i
=

N
[

κ̇
(π

′ j
)j
+
κ̈
(π

′ j
)j

2
/N

]

B
i.

(45)

Re
allthat h
j

istheexpe
te
dnumberof
emigrantadul
tso�springof

j

mutantadults
,andthatNπ

j
isthenumber
ofadulto�spr
inginthepat

h

ofjmutantad
ults.Hen
eh j

+
N
π
j

issimplythee
xpe
tednumb
erofadult

o�springofj
mutantadults
,denotedasj

w
j

(eq.4).Then
fromeqs.42

and45,
R

′ m=[

κ̇
(j
w

′ j
)j
+
κ̈
(j
w

′ j
)j

2
/N

]

B
i.

(46)

Witheqs.34a
nd37,thisim
plieseq.5.

Evaluation
of j2 A′ ,j2 A

′
B
i

andj2 B′ i
These
omput
ationsarepre
liminarytoth
e
omputation
ofR′′ m.Thej

th

elementofj2 A
′

isthederivat
iveofthese

ondmoment
ofthebinomi
al

distribution(1
).Hen
e,itis

[N
(N

−
1
)π

2 j
+
N
π
j
]′
=
[2
(N

−
1
)π

j
+
1
]N

π
′ j

(47)

=
N
[2
(N

−
1
)π

j
+
1
][

κ̇
(π

′ j
)j

+
κ̈
(π

′ j
)j

2
/N

]

.

(48)

Usingπ j=jπ
1

atδ=0,this
implies

j2
A

′
=

2
N
(N

−
1
)π

1

[

j3
κ̈
(π

′ j
)/
N

+
j2
κ̇
(π

′ j
)]

+
jA

′
.

(49)

Then,usingeq
s.37and38,

j2
A

′
B
i
=

2
N

2
(N

−
1
)π

1

[

K
κ̈
(π

′ j
)
+
F
κ̇
(π

′ j
)]

/
d
+

jA
′
B
i.

(50)

Next j2
B

′
i
=
j2
B
A

′
B
i
=

N
F
[

(1
/
d
−
1
)j
+
j2
]

A
′
B
i

(51)
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(fromeq.36) =
(N

F
/
d
)j
A

′
B
i
+
2
N

3
(N

−
1
)π

1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

/
d

(52)

(fromeq.50) =
N
F
jB

′
i
+
2
N

3
(N

−
1
)π

1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

/
d

(53)

fromeq.43. Evaluation
of R′′ m

Wewrite

R
′
′ m=h′′ Bi+2h

′
B

′
i
+
h
B

′
′
i

(54)

=
h
′
′
B
i
+
2
h
′
B

′
i
+
h
(2
B
A

′
B

′
+
B
A

′
′
B
)i

(55)

(see[38℄,p.15
2) =

h
′
′
B
i
+
2
(h

′
+
jA

′
)B

′
i
+
h
B
A

′
′
B
i

(56)

(usingeq.34)
.Expandingh

′

andjA′ inter
msofκ
oe�

ients,andusin
g

eqs.44and4,
oneobtainsth
atthemiddle
termofexpres
sion(56)is

2(
h
′
+
jA

′
)B

′
i
=

2
[κ̈
(j
w

′ j
)j

2
/N

+
κ̇
(j
w

′ j
)j
]B

′
i

(57)
=
2
κ̈
(j
w

′ j
)
{

F
jB

′
i
+
2
N

2
(N

−
1
)π

1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

/
d
}

+
2
κ̇
(j
w

′ j
)j
B

′
i (58)

(usingeq.53) =
4
κ̈
(j
w

′ j
)N

2
(N

−
1
)π

1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

/
d

(59)

using κ̇(jw′ j
)
=

−
F
κ̈
(j
w

′ j
)

atthe
andida
teESS(eq.5)
.

The�rstterm
ofeq.56is

h
′
′
B
i
=
[

κ̇
(h

′
′ j
)j
+
κ̈
(h

′
′ j
)j

2
/N

+
˙̈ κ
(h

′
′ j
)j

3
/N

2
]

B
i

=
1 d

[

κ̇
(h

′
′ j
)
+
κ̈
(h

′
′ j
)F

+
˙̈ κ
(h

′
′ j
)K

]

(60)
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and,arguinga
sineq.44,the
thirdtermofe
q.56is

jA
′
′
B
i
=

1 d

[

κ̇
(N

π
′
′ j
)
+
κ̈
(N

π
′
′ j
)F

+
˙̈ κ
(N

π
′
′ j
)K

]

.

(61)

Fromeq.4,the

h
′
′ j

andNπ′′ j

termsinthela
sttwoexpressi
ons
anbe
oll
e
ted

intojw′′ j

terms,andthe
nsummingex
pressions59,6
0and61yield
seq.9.

Interferen

e
ompetit
ion

Here,followin
gref.[25℄,Ias
sumethatthe
relativenumb
erofjuveniles
pro-

du
edbyea
h
mutantinap
at
hwithjm
utantsmaybe
written

φ
j
(δ
)
≡

ρ
(z

+
δ)

α
(z

+
δ,
z
+
δ)

jα
(z

+
δ,
z
+
δ)

+
(N

−
j)
α
(z

+
δ,
z
)

(62)

wherethefun

tions ρandαa
rede�nedasin
thes
ramble

ompetitionmo
del

ofthemainte
xt(eqs.19and
20).This
orr
espondstoeq.
5inref.[25℄,w
ith

some
hangeo
fnotationand

β

therebeingse
tto0.Likewi
se,therelativ
e

numberofjuv
enilesprodu
e
dbyea
hnon-
mutantinapa
t
hwithjmut
ants

is
φ
j
(0
)
≡

ρ
(z
)

α
(z
,z
)

jα
(z
,z

+
δ)

+
(N

−
j)
α
(z
,z
)
.

(63)

Thesenumber
sarerelativet
othejuvenile
produ
tionby
individualsin
other

pat
hes,soth
attherelative
totalfe
undity
ofapat
h[wh
i
his jφ j(δ)+

(N
−
j)
φ
j
(0
)℄dependson

thenumberof
mutantsinthe
pat
h.By
on
trast,

pat
hfe
undit
ywas
onstan
tinthes
ram
ble
ompetitio
nmodelbe
a
use

thetotalamo
untofresour

ewas
onstan
tinea
hpat

h.Inthejar
gon

ofpopulation
geneti
s,thes

ramble
omp
etitionmodel
isasoftsele

tion

modelwhilet
heinterferen

e
ompetition
modelisaha
rdsele
tionm
odel

(e.g.,[39℄).A
ssumingthat
juvenilesemig
ratewithprob
ability d̂and
that

thereisarela
tivesurvival

ostcforemigr
ants(asinthe
dispersalmod
el),

π
j
=

jφ
j
(δ
)(
1
−
d̂
)

(1
−
d̂
)[
jφ

j
δ
+
(N

−
j)
φ
j
(0
)]
+
d̂
(1

−
c)
N
φ
0
(0
)

(64)

and

h
j
=

jφ
j
(δ
)d̂
(1

−
c)

(1
−
cd̂
)φ

0
(0
)
.

(65)
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Theseexpressi
onsare
onsist
entwitheqs.8
�10inref.[25℄
,inthe
aseof
non-

overlappingge
nerations.Not
ethatresults
willbeexpress
edmoresimpl
yin

termsofthep
robabilityofim
migration d

=
(1

−
c)
d̂

1
−
cd̂

(66)

thaninterms
oftheprobabi
lityofemigrat
ion d̂.

Fromtheabov
eexpressions,
oneobtainsas
expe
tedthat
thepopulation


onvergesto z
∗
=

y m

.Inthe
omp
utationofR′′ m
,itturnsout
that�tness

e�e
tsdepend
ingon
hanges
inrelatedness
duetosele
tio
narenull,be

ause

all κ
oe�
ien
tsinthese
on
dlineofeq.9
arenull(
onsi
stentwithref.
[25℄

forN=2).O
neobtains

R
′
′ m=1 d

[
(

1 σ
2 α

−
1 σ
2 ρ

)

(1
−
F
)
−

2 σ
2 α

(F
−
K
)(
1
−
d
)2

−
d
(2

−
d
)
F σ
2 ρ

]

.

(67)

Thenumeri
al
analysisofthis
resultissimila
rtothatofthe
s
ramble
omp
e-

titionmodel,w
ithagainsome

asesofglobal
instabilitydes
pitelo
alstabi
lity

beingfound(d
etailsnotshow
n).Themain
di�eren
eisth
atthresholdv
al-

uesof σ2 ρ
/
σ
2 α

su
hthatR′′ m

=
0

arelowerthan
inthes
rambl
ing
ompetitio
n

model.That
is,disruptive
sele
tiono

u
rsmoreeasily
.Thisisseen
most

easilyforstron
gdispersal,d

=
1

.Inthis
ase

F
=

1
/N

andK=1/N
2

,so

thatdisruptiv
esele
tiono


urswhenσ2 ρ

(1
−

2
/N

)
>

σ
2 α

inthes
ramb
ling


ompetitionm
odel,whileit
o

urswhen σ

2 ρ
(1

−
1
/N

)
>

σ
2 α

intheinter-

feren
e
ompe
titionmodel(
thelatterresu
ltbeing
onsi
stentwitheq.
18

in[25℄).This
di�eren
earis
esbe
ausethe
interferen
e
o
mpetitionmod
el

givesahigher
bene�ttodev
iantindividua
lswhenσ ρ>σ

α

:inasinglela
rge

pat
hatthe

andidateESS,
the�tnessofa
raremutantis

w
j
(δ
)
=

ex
p
[

(1
/
σ
2 α
−
1
/
σ
2 ρ
)δ

2
/
2
]

(68)

whi
hishigh
erthanthe

omparableres
ultforthes

ramble
ompe
tition

model(eq.28)
.
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