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Abstrat Bakgroun
d

Analytialme
thodshavebe
enproposedto
determinewhe
therthere

areevolutiona
rilystablestra
tegies(ESS)fo
ratraitofeo
logialsig-

ni�ane,orw
hetherthereis
disruptivesele
tioninapopu
lationap-

proahingaa
ndidateESS.
Theseriteria
donottakein
toaount

allonsequen
esofsmallpat
hsizeinpop
ulationswith
limiteddis-

persal. Results Wederivelo
alstabilityo
nditionswhih
aountforth
eonse-

quenesofsma
llandonstant
pathsize.All
resultsareder
ivedfrom

onsidering R m
,theoverallp
rodutionofs
uessfulemig
rantsfrom

apathinitial
lyolonizedb
yasinglemu
tantimmigran
t.Further,

theresultsar
einterpreted
intermofo
neptsofinl
usive�tness

theory.The
onditionfor
onvergeneto
anevolutiona
rilystable

strategyispr
oportionalto
someprevious
expressionsfo
rinlusive

�tness.The
onditionforev
olutionarysta
bilitystritos
ensutakes

intoaounte
�etsofselet
iononrelated
ness,whiha
nnotbene-

gleted.Itisf
untionofthe
relatednessbe
tweenpairsof
genesina

neutralmodel
andalsoofat
hree-genesrela
tionship.Base
donthese

results,Ianal
yzebasimod
elsofdispersa
landofomp
etitionfor

resoures.Int
helattersena
riothereare
asesofglobal
instability

despiteloals
tability.The
resultsaredev
elopedforhap
loidisland

modelswith
onstantpath
size,butthet
ehniquesdem
onstrated

herewouldap
plytomorege
neralsenario
swithanislan
dmodeof

dispersal. Conlusion
s

Theresultsal
lowtoidentity
andtoanalyze
therelativeim
portane

ofthedi�eren
tseletivepre
ssuresinvolve
d.Theybrid
gethegap

betweenthem
odellingframe
worksthatha
veledtotheR

monept

andtoinlusiv
e�tness.
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Bakgrou
nd

Variousriter
iahavebeen
proposedto
omputethes
tablestateso
fthe

evolutionaryd
ynamisoftra
itsofeologi
alsigni�ane
.Previouswo
rks

(�adaptivedyn
amis�,e.g.,[1
�6℄)havehigh
lightedthene
edtodistingu
ish

di�erentkinds
ofstability.A
strategyison
vergenestabl
eifthepopula
tion

evolvestoward
sitbyallelis
ubstitutions.
Aonvergene
stablestrategy
is

evolutionarily
stable(non-in
vasible)ifrar
edeviantsare
seletedagain
st.

Otherwise,the
reisdisruptiv
eseletion,an
d�branhing�
ofthedistribu
tion

ofphenotypes
inthepopulat
ionmayour
[3,6℄.

When�tness
anbeevaluate
dexatly,the
di�erentkinds
ofstabilityan

beevaluated.
However,inm
anyasesappr
oximationsare
useful,eitherb
e-

auseexatre
sultsarenot
availableorb
eausetheya
retooomple
xto

allowbetteru
nderstanding
ofevolution.T
hisourswhe
npopulations
are

struturedin
pathesoup
iedbyasmall
numberofind
ividuals.Insu
ha

ase,awidely
usedmeasure
of�tnesse�e
tsisinlusive
�tness.Inlus
ive

�tnessmeasur
es�tnesse�e
tsasthee�e
tofadeviant
strategyonth
e�t-

nessofanind
ividualwhih
expressesthis
strategy,plus
thee�eton
the

�tnessofani
ndividualwhe
nthestrategy
isexpressedb
yotherindivi
du-

alsinthepat
h,thelatter
e�etbeingw
eightedbyam
easureofgene
ti

similarityofin
dividualswith
inapath[7℄
.Althoughth
einlusive�tn
ess

approahoften
allowstoiden
tifyseletivep
ressures,itis
desirabletoin
te-

grateitinam
oregeneralfra
meworkwhere
thedi�erentk
indsofdynam
is

aredistinguish
ed[8℄.Canin
lusive�tness
beusedtoom
puteonverge
ne

stability,evolu
tionarystabili
ty,orboth?S
omeworksma
denodistint
ion

betweenthe
oneptsofon
vergeneando
fevolutionary
stability[9℄,w
hile

othershavefou
ndthatinlusi
ve�tnessissu
itableforevalu
atingonverge
ne

stabilitybutn
otforevolutio
narystability
[10,11℄.Ther
ehavebeenso
me

attemptstod
eriveevolution
arystability
onditionsusin
ginlusive�tn
ess

onepts(see
[10℄andrefere
nestherein)b
utfurtherinsi
ghtintotheab
ove

issueshasbee
nlimitedbya
dearthofwell
-establishedre
sultswhiho
uld

beomparedt
osomealterna
tiveapproah.

Thispaperwi
llprovidesuh
results,using
theR monep
tintroduedin

ref.[12℄.R mi
stheoverallp
rodutionofs
uessfulemig
rantsfromap
ath,

desendedfrom
asinglemutan
timmigrant.
Ref.[12℄prese
ntsanexatn
u-

merialmetho
dtoompute

R

minomplex
metapopulatio
nmodels(als
o

usedinref.[13
℄),butanalyti
alonditions
foronvergen
eandevolutio
nary

stabilityana
lsobededued
from R m.Int
hispaperIsho
whowthisan
be

3

done.Inpart
iular,anew
resultisthea
nalytialond
itionforloal
inva-

sibilityversus
non-invasibilit
y(i.e.evoluti
onarystability
)ofaonverg
ene

stablestrategy
fortheisland
modelofdisp
ersal.Kinsel
etione�ets
are

takenintoa
ountinthiso
mputation,as
thekinintera
tionsthatou
rin

thepathallt
hewayfrom
olonizationto
loalalleleext
intion.Thus,
we

shouldalsobe
abletoreove
rknowninlus
ive�tnessexp
ressionsfrom

R

m,

buthowwea
ndothatisn
otaprioriob
vious.Wewil
lseethatinl
usive

�tnessanbe
derivedasam
easureofloal
onvergenest
abilityfrom R
m.

Buttheevolut
ionarystabilit
yonditiona
nalsobeunde
rstoodinterm
sof

theoneptso
finlusive�tn
esstheory.

Ratherthan
onsideringthe
omplexmeta
populationmo
delofref.[12℄
,

Iwillonsider
disrete-timem
odelswhihas
sumeaonsta
ntnumberN

of

haploidadults
perpath.Th
isshouldhelp
toseethelogi
ofthemetho
d.

Withinthisse
tting,Iwillan
alyzesomeba
simodelswid
elyonsidered
in

previouswork
s,dealingwith
theevolution
ofdispersalan
dwithdisrupt
ive

seletionunde
rompetition
forresoures.

Results Weonsiderh
eremodelswh
ereNadults
reproduewit
hineahofa
large

(�in�nite�)nu
mberofpath
es.Alargen
umberofjuve
nilesareprod
ued

byeahadult
.Afration
ofthemdispe
rse,inwhih
asetheydisp
erse

randomlyover
allpathes,fol
lowingan�isla
nd�or�global�
modeofdisper
sal.

Thejuveniles
thenompete
foraesstor
eprodutionso
thatexatly N

of

themsurvive
thisompetiti
onineahpa
th.Noother
exatassumpt
ion

aboutreprodu
tion,ompeti
tionanddispe
rsalisdoneat
thisstage(thi
sis

donelaterina
ppliations).

Thenumb
erofsue
ssfulemigr
antsR m

WeonsiderR
m

,theoverallpr
odutionofsu
essfulemigra
ntsfromapat
h,

desendedfro
masinglemu
tantimmigran
tinthispath
.Bysuessf
ulI

meanthatth
eindividuals
ettlesasone
oftheNadu
ltsinapath
.As

originallydes
ribed[12℄,R m
ountsindivid
ualsbeforeth
edispersalo
st

ispaidando
mpetitiono
urs,sothatit
ountsthenu
mberofemigr
ant

desendants,s
uessfulorn
ot,ofeahem
igrant,sues
sfulornot.B
oth

de�nitionsare
e�etivelyequ
ivalent. 4



Themutantis
onsideredrar
eenoughatth
emetapopulat
ionlevelthat

nofurthermu
tantimmigran
toursinth
epathandn
omutantwill
be

enounteredby
emigrants. R m
isageneralizat
ionofthenetr
eprodutivera
te

R
0

(orlifetimere
produtivesu
ess)oftenon
sideredindem
ography(e.g.,

[14,15℄).How
ever,R mdoes
notountthen
umberofo�sp
ringonegener
ation

later,butthe
numberofsu
essfulemigra
ntsfromapat
h,desended
over

severalgenera
tionsfromone
suessfulimm
igrantinthis
path. R mis
an

appropriate�t
nessmeasure
beauseallsu
essfulemigr
antsareequiv
alent

intermsofthe
ir�tnessexpe
tations.Then
umberofsu
essfulemigran
tsis

ounteduntil
loalextintio
nofthefamil
ydesendedfr
omtheimmig
rant.

Evenwithout
loalpathex
tintion,loal
extintionoft
hefamilyou
rs

duetothere
urrentin�owo
fotherimmigr
ants.

Exatom
putationo
fR m

Forthisomp
utation,wefo
llowthedistri
butionofthe
numberofdes
en-

dantsoftheim
migrantmutan
toversuessi
vegenerations
.No�springa
re

sampledindep
endentlyfrom
alargenumb
erofjuveniles
.Letπ jbe
the

probabilityth
atarandomly
hoseno�sprin
gomesfrom
oneofthejm
u-

tantsinthepa
thintheprev
iousgeneratio
n.π jisafun
tionofthemu
tant

andresidents
trategies(for
examples,see
theAppliatio
nsbelow).Th
en,

theprobabilit
ies a kjthatt
herearekmu
tantdesenda
ntsfromjmu
tant

parentsinthe
patharebino
mialterms:

a
k
j
=

C
k N
π
k j
(1

−
π
j
)N

−
k
.

(1)

whereCk N

isthebinomia
loe�ient,N

!/
[k
!(
N
−
k
)!
].Thesetrans

itionprob-

abilitiesde�ne
aMarkovhai
nwithoneab
sorbingstate(
loalextintio
nof

themutantall
ele).Nowlet A

=
(a

k
j
)

fork=1,...,

N

,j=1,...,N
(i.e.,

mutantalleleb
eingpresent).
Forj>0,the
probabilityof
havingjmuta
nts

inthepathi
ngenerationt

isgivenbyp j
≡

(A
t
i)

j

,whereiisa
vetor

representingt
heinitialdistr
ibutionofthe
mutant:asing
lemutantisre
pre-

sentedasi≡
(1
,0
,.
..
,0
)T

,whereT den
otestranspose
.Ineahgene
ration,

theexpetedn
umberofsu
essfulemigran
tgametesofe
ahmutantad
ult

inapathwit
hjmutantsis
writteng j.Th
enumberofsu
essfulemigr
ant

mutantgamet
esproduedby
thepathinge
nerationtisth
ereforeh j≡j

g j

.

Leth≡(h j).
Theexpeted
out�owofsu
essfulmutant
sfromthepa
th

5

anbewritten

N
∑ j
=
1

h
j
p
j
=

h
A

t
i.

(2)

Therefore,sum
mingovergen
erationsweob
tainthe�tnes
smeasure R m
in

theform

R
m
=

h

∞
∑

t=
0

A
t
i
=

h
B
i

(3)

where B≡(I
−

A
)−

1

.Thisisasi
mpledisrete
timeversiono
feq.6in

ref.[12℄. R

misafuntio
noftheresid
entstrategy z
andofthemu
tantstrategy,

whosedeviatio
nfromzisde
notedδ.Loa
lstabilityond
itionsaregive
nin

termsofthe�
rst-andseon
d-orderderiva
tivesofthe�t
nessmeasure
[4�6℄.

Weusethepr
imenotationf
ordi�erentiat
ionwithrespe
ttoδthroug
hout

thepaper.As
trategyz∗ isa
andidateESS
(evolutionarily
stablestrategy
)if

R
′ m=0atz∗ .A

andidateESS
z
∗

isloallyonv
ergenestable
ifR′ m>0at

z
<

z
∗

andR′ m<0at
z
>

z
∗

,sothatselet
ionbringsapo
pulationexpre
ssing

strategyz6=z
∗

losertoz∗ .H
ene,astrateg
yisloallyon
vergenestabl
e

ifdR′ m/dz<0
atz∗ ,whereR

′ misevaluated
atδ=0befor
ethederivatio
n

withrespett
o zisarried
out.Itislo
allynon-invas
ibleifR′′ m<

0

at

z
∗

(fortheborde
rlineaseR′′ m

=
0

,see[16℄).In
thefollowings
etions,we

provideanalyt
ialexpression
sforR′ mandR

′
′ m.

Atehniald
evieunderlyi
ngresultsbel
owistheexp
ansionofderi
va-

tivesofh jand
π
j

intermsofpo
wersofj.Res
ultswillrelyu
ponthehighes
t

ordertermin
theseexpansio
nsbeingj2 fo
rthe�rst-ord
erderivatives
with

respettoδ,a
ndj3 forthe
seond-orderd
erivatives.Th
isholdsbeau
se,

whetherintera
tionsbetween
individualsare
additiveorno
t,h jandπ ja
n

beexpandedi
ntermsofδt
imesthesum
(oraverage)o
findividualph
eno-

typesinthep
ath,plusδ2 t
imesthesum
ofprodutsof
pairsofindivi
dual

phenotypes,p
lusδ3 timesth
esumofprod
utsofthreep
henotypes,an
dso

on.Dominan
eofallelie�e
tsindiploidp
opulationsrais
esanexeptio
nto

thispattern(s
eeDisussion)
.

R
′ m

andrelated
ness

Letw j(δ)bet
heexpetedn
umberofadul
to�spring(em
igrantornot)
ofa

mutantparent
amongjmuta
ntparents.Th
eexpetednu
mberofo�spr
ing

6



jw
j

ofthejmutan
tsinthenextg
enerationissim
plythesumof
theexpeted

numberofsu
essfulemigra
nts(h j)ando
floallysettle
do�spring(N

π
j

).

Thatis,

h
j
(δ
)
+
N
π
j
(δ
)
=

jw
j
(δ
).

(4)

IntheAppend
ix,itisshown
thatR′ manb
ewrittenas

R
′ m=1 d

[

κ̇
(j
w

′ j
)
+
κ̈
(j
w

′ j
)F

]

.

(5)

where disthe
probabilityth
atanadultis
animmigrant
inapopulatio
n

followingthe
residentstrate
gy,κ̇(jw′ j

)

andκ̈(jw′ j
)

aretheoe�
ientsof

j

andj2 /Nin
theexpansion
forjw′ j

,andFisth
eprobability
thattwo

individualssa
mpledwithre
plaementin
apathhave
aommonan
estor

inthepath. Simpleandwe
ll-knownargum
entsareavaila
bletoomput
eF[17,18℄,so

itisusefultoe
xpressR′ mint
ermsofF.Be
tweentwosu
essivegenera
tions

t

andt+1,Fo
beysthereur
sion

F
(t
+
1
)
=

1
/N

+
(1

−
1
/N

)(
1
−
d
)2
F
(t
)

(6)

where1/Nist
heprobability
thatthesame
individualissa
mpledtwie,(

1
−

d
)2

istheprobabil
itythattwodi
�erentindivid
ualsarebothn
on-immigrants
,

andthenF(t)

istheprobabi
litythattheir
parent(s)was
orwerefrom
the

samefamily,i
.e.desendfr
omthesame
immigrant.T
husthestatio
nary

valueof Fis

F
=

1

N
−
(N

−
1
)(
1
−
d
)2
.

(7)

Thede�nition
of Fasthepr
obabilitythat
twoindividual
sdesendfrom

thesameimm
igrantisalsoa
de�nitionofth
egenetistru
tureparamete
rs

usedinpopula
tiongenetis(
e.g.,[17℄),whi
hareoftenu
sedasrelatedn
ess

oe�ientsin
kinseletiont
heory(e.g.,[1
9,20℄).Hene

F

isarelatednes
s

oe�ient.Ind
eedweanwr
ite R

′ m=W IF/d
(8)

whereW IFist
heinlusive�t
nessonsidere
dinotherwor
ks(seethedisp
ersal

examplefora
onreteillustr
ation).The1/

d

fatormeanst
hatR mmeasu
res

e�etsofsele
tionoverana
verageof1/d
generations,in
ontrasttoW
IF

whihmeasure
sthemoveron
egeneration. 7

R
′ misafuntion

oftheresident
strategyz.As
notedabove,R

′ mservesto

�ndandidate
ESSsz∗ suh
thatR′ m=0a
tz∗ .Loalo
nvergenestab
ility

isdetermined
bythesignof

R
′ maroundz∗ ,

whihmaybe
deduedfrom

thesignofdR
′ m/dzatz∗ .A

stheAppliat
ionsbelowsho
w,itmaynot
be

neessaryto
omputedR′ m/

d
z

toobtainthe
signofR′ man
dthustohe
k

onvergenest
ability.

R
′
′ m Wenowonsid

erinvasionby
mutantsnear
aandidateE
SS z∗ .Toexp
ress

R
′
′ mwegeneraliz

etheκnotatio
nintrodueda
bove.Letκ̇(f

),κ̈(f)and˙̈ κ(
f
)

betheoe�i
entsofj,j2 /N
andj3 /N2 in
theexpansion
forsomequan
tity

f

.Weobtain R
′
′ m=1 d

[

κ̇
(j
w

′
′ j
)
+
κ̈
(j
w

′
′ j
)F

+
˙̈ κ
(j
w

′
′ j
)K

]

+
1 d
κ̈
(j
w

′ j
)4
(N

−
1
)N

2
π
1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

(9)

whereKisth
eprobabilityt
hatthreeindiv
idualssampled
withreplaem
ent

inthesamepa
thdesendfro
mthesameim
migrant. Ka
nbeomputed
by

thesamemeth
odsasF,asd
etailedinthe
Appendix.All
elementshere
are

evaluatedatδ
=

0

.Aproofispr
esentedinthe
Appendix,and
evaluationof

thisformulai
ntheApplia
tionswashe
kedagainstnu
merialevalua
tion

ofR mbyeq.
3.Theseond
lineofeq.9in
ludes�tness
e�etsdepend
ing

onhangesin
relatednessdu
etoseletion(
seeDisussion
).Ingeneral,

π
j

is

oftheordero
f1/N,Fisof
theorderof1

/N

andKofthe
orderof1/N2

,

sothewholes
eondlineofe
q.9isoftheo
rderof1/Nan
dannotbeea
sily

negletedrelat
ivetotherem
ainderofR′′ m.

Appliatio
ns

Hereweapply
theaboveresu
lts�rsttoasi
mplemodelof
evolutionofd
is-

persal[21℄.Al
thoughdisrup
tiveseletion
hasbeenfoun
dinotherdisp
ersal

models(e.g.,[
22�24℄),itisn
otexpetedto
ourinthism
odel,whihse
rves

mainlytoom
paretheprese
ntapproahw
ithaprevious
omputationo
fsta-

blestrategies.
Nextweonsi
dertwomodel
sofresoure
ompetition,on
eof

whihwaspre
viouslyonsid
eredinref.[25
℄.Thesearesm
allpath,limi
ted

8



dispersalversi
onsofalass
ofmodelsof
ompetitionwi
delyonsidere
din

previouswork
s:seee.g.[16,
25�29℄,andre
ferenestherei
n.

Dispersal Thetraitunde
rseletionisth
edispersalpro
babilityofjuve
niles,andther
eis

asurvivalost

c

ofdispersal:t
hesurvivalpr
obabilityofdi
spersedjuveni
les

is(1−c)time
sthatofphilo
patriones.F
ormutantswi
thdispersalz

+
δ,

theprobability
thatanindivid
ualisthephilo
patridesend
antofamutan
t

parentis π
j
(δ
)
=

j[
1
−
(z

+
δ)
]

j[
1
−
(z

+
δ)
]
+
(N

−
j)
(1

−
z
)
+
N
z
(1

−
c)
.

(10)

Thisexpressio
nisobtained
astheratioo
ftherelative
numberofmu
tant

juvenilesthat
donotdisper
se[whihis 1

−
(z

+
δ)

foreahofj

mutant

parents℄toth
erelativenum
berofjuvenile
swhihome
inompetition
in

thepath.Th
elatteristhe
numberofphi
lopatrijuven
iles,1−(z+δ

)

for

eahofthejm
utantparents
and1−zfor
eahoftheN

−
j

non-mutants,

plustherelati
venumberof
immigrantjuv
enilesfromot
herpath,wh
ihis

N
z
(1

−
c)

asparentsin
otherpathes
arenotmutan
tsandtheirju
veniles

paytheosto
fdispersal. Likewise,then

umberofsue
ssfulemigrant
o�springofea
hdeviantpar
-

entis

h
j
(δ
)
=

j(
1
−
c)

z
+
δ

1
−
z
c

(11)

beauseeahd
eviantparent
ontributesa
relativenumb
er (1−c)(z+

δ)

of

emigrantjuven
ileswhihom
petewitharel
ativenumberN

[1
−
z
+
(1
−
c)
z
]
=

N
(1

−
z
c)

ofompetingj
uvenilesineve
ryotherpath
,andNadult
o�spring

aresampledo
utofthesejuv
eniles(heneN

disappears).

Fromtheseex
pressionsand
fromeq.4,on
eobtains

κ̇
(j
w

′ j
)
=

−
c

1
−
cz

(12)

and

κ̈
(j
w

′ j
)
=

1
−
z

(1
−
cz
)2

(13)

sothatR′ m=0

onlyforz∗ =(
F
−
c)
/
(F

−
c2
),aformulakn

ownsineref.[
21℄.

Togetherwith
eq.7andthe
relationshipd

=
(1

−
c)
z
/
(1

−
cz
)

betweenthe

9

immigrationp
robabilitydan
dtheemigrati
onprobability

z

,thisyields
z
∗
=

1
+
2
N
c
−
√

1
+
4
N
(N

−
1
)c

2

2
c(
c
+
1
)N

.

(14)

Expliitlyeval
uating dR′ m/d

z

attheandida
teESSwould
beumbersom
e,

butitiseasily
veri�edthatR

′ mispositive(
resp.negative
)aszapproa
hes

0(resp.1).Si
neR′ mdoesn
otvanishbetw
een0andz∗ ,

R
′ mmustinrea

se

(resp.dereas
e)from0whe
nzdereases
(resp.inrease
s)fromz∗ .He
ne,

z
∗

isloallyonv
ergenestable
.Further,atz

∗

,
R

′
′ m=2(

F
−
c2
)

2
[

F
+
2
c2

(N
−
1
)]

(c
K

−
F

2
)

d
(1

−
c)

2
F

4
.

(15)

Fromthisform
ula,R′′ m<0,i
.e.theandid
ateESSisind
eedanESS,si
ne

cK
<

F
2

attheandida
teESS.Thela
tterresultisn
otobvious,bu
tanbe

veri�edasfoll
ows.Usingeq
.40toelimina
tethethree-ge
nesrelationshi
pK,

thesignofR′′ m
isseentodep
endonthesig
nofthefator
sF−c(whih
is

positive)andc
3
(

N
2
−
1
)

+
cF

−
N

2
F

3

.Thelatteris
alwaysnegativ
efor0<

c
<

1

andN≥1,be
ausethethird
orderpolynom
ialinx,c3( N

2
−
1
)

+
cx

−
N

2
x
3

,hasonlyone
realrootr,wh
ihissuhtha
tr<(1−c+2

cN
)/
(2
N
)
<

F

. Theequivalen
ewiththe�di
ret�tness�m
ethodprevious
lyusedtoobta
in

eq.14andrela
tedresults(e.g
.,[20,30℄)an
beveri�edasf
ollows.Aord
ing

tothismethod
,oneonsiders
the�tnessfun
tion

w
(z

•
,z

0
)
≡

w

p+w d≡
1
−
z •

1
−
z 0

+
(1

−
c)
z
+

z •
(1

−
c)

1
−
cz

(16)

whihdesribe
stheexpeted
numberofo�s
pringofanind
ividualwithd
is-

persalprobab
ilityz •inap
athofindivid
ualswithmea
ndispersalz 0

ina

populationwi
thresidentdis
persalz[20,3
0,31℄.Sinej

w
j
=

jw
(z

+
δ,
z
+

jδ
/N

),κ̇(jw′ j
)

andκ̈(jw′ j
)

areequaltot
hetwopartia
lderivativeso
fw,

yielding

R
′ m=1 d

[

∂
w

∂
z •

+
∂
w

∂
z 0

F

]

.

(17)

Theterminb
raketsisthe
inlusive�tne
ss[20℄.One
wouldalsoob
tain

10



(withπ 1(0)=
w

p(z∗ ,z∗ )/N)

R
′
′ m=1 d

(

w
(2

,0
)
+
2
w

(1
,1
)
F
+
w

(0
,2
)
K
)

+
4 d
F
(N

−
1
)

(

K
∂
w

p

∂
z 0

+
F
∂
w

p

∂
z •

)

w

p∂
w

∂
z 0

(18)

wherew(i,j) is
thederivative
ofw,itimes
withrespett
oz •,andjtim
es

withrespett
o z 0.Suhex
pressionsare
onvenientwhe
n�tnessisex
atly

afuntionof

z 0

(i.e.whenthe
phenotypesof
allneighborsd
onotneedto

bedistinguish
ed),butthey
maynotbeus
efulotherwise
.

Competition
forresoure

Hereweonsi
deramodelw
hereanindivi
dualisinstro
ngerompetit
ion

withotherind
ividualswhih
havephenotyp
essimilartoit
sownphenoty
pe.

Manypreviou
smodelsarep
henomenologi
al,e�etivelya
ssumingthate
ah

individualexp
loitsonlyone
typeofresour
eaordingt
oitsphenotyp
e,

yetthatitint
erferesmorew
ithindividual
swithsimilar
phenotypes.F
or

apopulations
ubdividedins
mallpathes,
suhamodel
wasformulate
din

ref.[25℄andfu
llyanalyzedin
theaseN=

2

.However,its
formulationis

relativelyom
plex,sowew
illanalyzeher
easlightlydi
�erentmodel,
and

the�nalsetio
noftheAppe
ndixgivesom
parableresult
sforthemode
lof

ref.[25℄.Both
modelshavesi
milarqualitati
veoutomes,w
hihonverge
for

largepathsiz
e. Hereweassum

ethateahin
dividuale�et
ivelyexploits
arangeofre-

soureandth
atinterferene
on�tnessofs
imilarphenoty
pesresultson
ly

fromsramble
ompetitionfo
raquisitiono
fresoure(e.g
.,[26℄).Weo
n-

siderarangeo
fresoure,su
hthatresour
eoftype yha
sabundaneρ

(y
),

whihisthesa
meinallpath
es.Weassume
thatresoure
followsanorm
al

distribution,

ρ
(y
)
=

ex
p

[

−
(y

−
y m

)2

2
σ
2 ρ

]
/

(

√
2
π
σ
ρ

)

(19)

forsomeonst
antσ ρ,andso
mey msuhth
atresourey m
isthemostab
un-

dantone.σ ρd
esribesthewi
dthofthedist
ributionofres
oureoverdi�
erent

types. Weassumeth
ateahindivi
dualannote
xploitallreso
ureswithequ
al

e�ieny.An
individualiw
ithphenotype

z i

exploitsresou
reywithan

11

e�ienygive
nbyane�ie
nyfuntionα

(y
,z

i
),suhthatt

heindividual

getsafration

α
(y
,z

i
)/

∑

N k
=
1
α
(y
,z

k
)

ofresourey,
whihisthera
tioofits

owne�ieny
atexploitingr
esoureytoth
esumofe�ie
niesatexploi
ting

y

amongallind
ividualsinthe
population.W
eassumethat
thee�ieny

funtionisnor
mal-shaped, α

(y
,z

i
)
=

ex
p

[

−
(y

−
z i
)2

2
σ
2 α

]

(20)

forsomeσ α,id
entialforalli
ndividuals.Th
us,individual

i

isbestatexplo
it-

ingresourez i
,andσ αquant
i�esthedivers
ityofresoure
thatanindivid
ual

mayexploit.
Anindividual
strategyisth
ereforehara
terizedbyz i

and

onstrainedby
therangeofre
souresitan
e�ientlyexp
loitaroundz i.

Belowweons
iderresidents
withstrategy

z i
=

z

andmutantsw
ithstrat-

egyz i=z+δ
.Hene,ina
pathwithjm
utantsandN

−
j

non-mutants,

∑

N k
=
1
α
(y
,z

k
)
=

jα
(y
,z

+
δ)

+
(N

−
j)
α
(y
,z
) .

Theshares j(δ
)

oftotalresour
ethatindivid
ualiobtainsi
sitsshareof

resourey,tim
esabundane
ofresourey,
integratedove
rthedistribut
ion

ofy.Hene,in
apathwithj
mutantsandN

−
j

non-mutants,
itis

s j
(δ
)
=

∫

+
∞

−
∞

ρ
(y
)

α
(y
,z

+
δ)

jα
(y
,z

+
δ)

+
(N

−
j)
α
(y
,z
)
d
y
.

(21)

Weassumeth
attheexpete
dnumberofju
venilesofanin
dividualispro
por-

tionaltothis
share s joftot
alresoure.T
heprobability
thatanindivi
dual

intheo�sprin
ggenerationis
thedesendan
tofanyoneof

j

mutantparent
s

initspathis
then π

j
(δ
)
=

js
j
(δ
)(
1
−
d
)

(22)

andtheexpet
ednumberofs
uessfulemig
rantgameteso
fjmutantpar
ents

is
h
j
(δ
)
=

N
dj
s j
(δ
).

(23)

Thefator N

appearshere,
asinthedisp
ersalexample,
beauseNad
ults

settleineah
path.Agene
ral,usefulhe
kofexpressio
nsforπ jand

h
j

is

thatjw j(0)=
j
=

h
j
(0
)
+
N
π
j
(0
)

(fromeq.4).

Hereκ̇(jw′ j
)
=

−
κ̈
(j
w

′ j
)
=

(y
m
−
z
)/
σ
2 α

.Hene

R
′ m=1 d

σ
2 α

(y
m
−
z
)(
1
−
F
).

(24)
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R
′ misofthesig

nofy m−z,w
hihmeans,as
expeted,that
thepopulation

willevolveto
exploitthemo
stabundantre
soure,z∗ =y

m

.Inotherwor
ds,

y m

isloallyonv
ergenestable
.Atz∗ ,simila
romputation
syield

R
′
′ m=σ

2 ρ

d
σ
2 α

[
(

1 σ
2 α

−
1 σ
2 ρ

)

(1
−
F
)
−

2 σ
2 α

(F
−
K
)]

.

(25)

Forgivend,F

andKbeom
enegligibleas

N

inreases(the
yareofthe

orderof1/Na
nd1/N2 ,resp
etively),and
inthelimitwe
reovertheres
ult

forpanmiti
populations,t
hatdisruptive
seletionou
rswhen σ α>

σ
ρ

,

i.e.whenthe
resoureismo
rebroadlydis
tributedthan
anbee�ien
tly

exploitedbyo
neindividual. Populationstr

utureinhibits
branhing,ap
reviouslynote
dresult[25℄fo
r

theinterferen
eompetition
model(seeAp
pendix):forN

=
2

,

R
′
′ m=−(2−d

)

σ
2 α
(1

−
d
)2

(26)

isalwaysneg
ativeand,un
expetedly,is
independento
f σ ρ(beause
the

terminbrak
etsineq.25
isthenindepe
ndentofσ αa
ndproportion
alto

1
/
σ
2 ρ

).ForanyN

,theexato
nditionfordis
ruptiveseleti
onis1/σ2 α

>
1
/
σ
2 ρ
+

2
(F

−
K
)/
(1

−
F
)/
σ
2 α

.Thelattero
nditionisom
plex,beause

F
−
K

1
−
F

=
(1

−
d
)2
(N

−
2
)
+
N
(2

−
d
)

(2
−
d
)(
N

2
−
(N

−
1
)(
N

−
2
)(
1
−
d
)3
)
,

(27)

butitimplies
thatbranhing
isinhibitedby
smallpathsiz
eandlowdisp
er-

sal.Thisresul
tanbeunder
stoodasfollow
s[25℄.Therei
sdisruptivese
le-

tionwhenade
viantindividu
algains�tness
fromavoiding
ompetitionw
ith

theresidentst
rategy.Howev
er,inasubdiv
idedpopulatio
n,ompetition
is

preferentially
withgenetial
lyrelatedindi
viduals,i.e.w
ithindividuals
more

likelytobed
eviantthanth
eaverageindi
vidualinthe
population.T
hen,

deviantindivid
ualsdonotav
oidompetitio
nasmuhasi
ftheneighbor
sin

thepathwer
enotrelated. Sine Kisof

theorderof1
/N

2

,itmayseem
reasonableto
approximate

R
′
′ mbysetting

K
=

0

.Thisseems
toworkwell
onlyforNla
rgeandd

large(Figure
1),beauseK

isnotnegligib
lewhend→0
evenforlarge

N

.

IgnoringKwi
llbemisleadin
ginthisase.

Thestrategyz
∗
=

0

maybeloally
stablewithout
beingglobally
stable:

R
′
′ m<0doesno

texludethat
mutantswith
largee�etso
uldinvade(fo
r

13

examples,see
[32,33℄).Her
ethismayha
ppenforana
rrowrangeof
pa-

rametervalues
inthestrutur
edpopulation
model,eventh
oughitdoesn
ot

happeninasi
nglelargepat
hofin�nitesi
ze.Inasingle
largepathat
the

andidateESS
,the�tnessof
asinglemutan
tis

w
j
(δ
)
=

ex
p

[

(

1 σ
2 α

−
1 σ
2 ρ

)

δ2
σ
2 ρ

2
σ
2 α

]

(28)

sothatlarge
mutationsinv
adeifandon
lyifsmallmu
tationsinvade
.In

struturedpop
ulations,globa
lstabilitywas
investigatedb
ynumerialev
al-

uationof R m,
fousingonth
resholdombi
nationsof σ2 ρ

/
σ
2 α

anddsuhtha
t

R
′
′ m=0,thatis

onthesetofp
arametervalu
esrepresented
bythelinesin

Figure1.By
ontinuity,iffo
rsomemutant
sR m>1inth
eneighborhoo
dof

thesethreshol
dvalues,there
mustbelose
valuesofσ ρ/σ

α

anddsuhtha
t

R

m>1forsom
emutantswhi
leR′′ m<0,wh
ihisthesoug
htphenomeno
n

ofglobalinsta
bilitydespitel
oalstability.
Itwasfoundt
ohappenfors
ome

parameterso
mbinationsas
showninFigu
re2.Notetha
tR manbeq
uite

largeinsome
ases,e.g.R m

>
1
8
2

forN=36,d
=

1
/
1
0
0

(implyingthe

thresholdvalu
eσ2 ρ

/
σ
2 α
≈

3
.9
4

),andδ=0.7
2
9

,sotheselet
ivepressuresa
t

workouldbe
e�ientonas
horttimesal
e.

Tosomeexte
nt,globalins
tabilityould
besoughtfro
mhigher-orde
r

derivativesof
R

m.Inthepre
sentasethe
symmetryof
seletiononm
u-

tantswithe�e
t δand−δim
pliesthatR m
isanevenfun
tionof δarou
nd

theandidate
ESSandthat
allitsodd-ord
erderivatives
arenull,soat
least

thefourth-ord
erderivatives
shouldbeons
idered.Inpra
tie,thiswou
ldbe

veryomplex. Disussio
n

Thispaperha
sshownhow
loalevolution
arystability
onditionsan
be

omputedins
truturedpop
ulations.The
expressionfor

R
′ m,whihdete

r-

minesonverg
enestability,
isonsistentw
ithearlierresu
ltsfrominlus
ive

�tnesstheory.
Theexpressio
nforR′′ m,whi
hdetermines
evolutionarys
ta-

bilitystritos
ensu,isnew.
Theseareloa
lstabilityon
ditions:nume
rial

evaluationofR

misrequiredt
ohekthatm
utantsoflarge
e�etouldno
t

invadeevenif
mutantsofsm
alle�etann
ot.HereIwil
lommenton
the

di�erentroles
thatrelatedne
ssplaysinme
asuresofonv
ergeneande
vo-

lutionarystab
ility,andinth
isperspetive
Iwilldisuss
theinterpreta
tion
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ofthedi�eren
ttermswhih
appearinthe
omputationo
fR′ mandR′′ m
as

detailedinthe
Appendix. Evaluationof

R
′ minvolvesom

putationofhB
′
i,andthislead

stoompu-

tationofj2 Bi

,wherej2 =(
1
,2

2
,.
..
,N

2
).j2 Biisthe

sumovergene
rations

oftheexpete
dsquarenumb
erofdesenda
ntsofanimm
igrantinitspa
th,

andthereforei
naneutralmo
delitispropor
tionaltorelate
dness(seeeq.
37).

Thuswereov
erexpressions
forinlusive�
tnessinterms
ofrelatedness
in

aneutralmod
el.Here,relat
ednessdesrib
estheprobabi
litythattwog
enes

haveaommo
nanestorwit
hinthepath
theyaresamp
ledin;thisis
the

propertyofre
latednessthat
isrelevantin
relatinginlus
ive�tnessto
the

�tnessofrare
alleles. Inontrast,e

valuationofs
eond-order�
tnesse�etge
nerallyrequir
es

evaluationoft
hee�etofsel
etiononrelat
edness.Thish
asbeenprevio
usly

aknowledged
[10℄butnotta
kenintoaou
ntbeauseitw
asnotfoundh
ow

toomputeth
esee�ets.Th
isproblemhas
beensolvedhe
re.Sinethet
erm

j2
B
i

isproportiona
ltorelatednes
s,j2 B′ iisprop
ortionaltothe
derivativeof

relatedness,an
dthistermis
inludedinR

′
′ m.Thepresen

tanalysisfurt
her

showsthatit
anbeexpres
sedasfuntio
noftheprob
abilitythatth
ree

geneshavea
ommonane
storwithinth
epath,ina
neutralmodel
(see

eqs.51�53). Thedi�erentt
ermsofR′′ ma
nbeinterpret
edbydistingu
ishinge�etso
n

thedistributio
nofmutantfa
milysizeinge
nerationt(the
parentsofthe
next

generation)an
de�etsonth
enumberofo�
springofthese
parents.The�
rst

lineoftheexp
ressionforR′′ m
,

1 d

[

κ̇
(j
w

′
′ j
)
+
κ̈
(j
w

′
′ j
)F

+
˙̈ κ
(j
w

′
′ j
)K

]

,

(29)

representsse
ond-ordere�e
tsonthenum
berofo�sprin
gofthesepar
ents,

umulatedove
rallgeneratio
ns.Theyinlu
dee�etsont
heprobability
that

next-generatio
nindividuals
willbeofphi
lopatriorigin
(π′′ j

)andonthe

produtionof
suessfulemi
grants(h′′ j

),whihareg
atheredinthe
single

termjw′′ j

.Theseterm
sdi�erfrom
previousexpre
ssionsforseo
nd-order

e�ets:we�n
dathree-gene
relationship K
[intheterms

˙̈ κ
(j
w

′
′ j
)K

above

andw(0,2) Kin
eq.18℄inpla
eofrelatednes
sintheorres
pondingterm
of

ondition(15b
)in[10℄.Here

K

doesnotappe
arasmeasurin
gane�etof

seletiononre
latedness,but
beause�tnes
s(w j)ofamu
tantfoalindi
vid-

ualisa�eted
inanonaddit
ivewaybypa
irsofmutant
neighbors(wh
ere

15

individualsar
eonsidered�
withreplaem
ent�,sothatt
hefoalindiv
idual

anditstwone
ighborsmaya
llbethesame
individual).

Theremainde
rof R′′ m,

1 d
κ̈
(j
w

′ j
)4
(N

−
1
)N

2
π
1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

,

(30)

isentirelynew
.Itisoford
er1/N,soth
atitannotb
eeasilynegle
ted

relativetooth
erkinompet
itione�ets.
Itompounds
�rst-ordere�e
ts

onthedistrib
utionoffamil
ysizeingener
ationtwith�
rst-ordere�e
tson

thenumbero
fo�springof
theseindividu
als,h jandπ j
.Thedistribu
tion

offamilysize
isgivenbyAt

i

(eq.2).There
fore,thee�et
sofseletion
on

thisdistributio
naregivenby
derivativesofA

t

,andtheumu
lativee�etso
f

seletionover
generationsar
egivenbyder
ivativesof(I−

A
)−

1
≡

B

.Thus,

allexpetede�
etsofseletio
nonthegenet
istrutureof
theparentsin
eah

generationare
aountedby

B
′

inthe2(h′ +
jA

′
)B

′
i

termofeq.56
.The

lattertermde
terminesthew
holeexpressio
n(30)above.
Itinvolvese�e
ts

notonlyonre
latednessbut
alsoonthem
eansizeofthe
familydesend
ed

fromanimmig
rant. Ourresultsha

vereliedupon
thehighestor
derterminth
eexpansionof

jw
′ j

beingj2 ,and
j3

forjw′′ j

.Indiploidp
opulationswit
hdominane
at

thelousunde
rseletion,th
ehighestorde
rtermforjw′ j

wouldbej3 .T
he

evaluationofR
′ mwouldinvol

vethethree-g
enerelationsh
ip,andR′′ mwo
uld

alsodependon
higherpowers
ofj.

Previousons
iderationofR
mhasbeenb
asedonthep
riniplethatw
e

shouldompu
te�tnessfora
raremutant[1
2℄,whererare
meanshereth
at

�tnesse�ets
anbeompu
tedbyonside
ringasinglei
mmigrantmut
ant

inapopulatio
nofresidents.
Buttheone
ptofonverge
nestabilitya
lso

requiresthatw
henR′ m6=0,
seletionhast
hesamedire
tionwhatever
the

mutantfreque
ny,sothata
lleleinvasioni
mpliesalleler
eplaement.I
nthe

in�niteisland
model,thedir
etionandma
gnitudeof�rs
t-ordere�ets
on

�tnessarethe
samewhateve
rthemutanta
llelefrequeny
.Thisisadist
int

resultowingto
adistinton
eptofrelatedn
ess,theso-all
edregressiond
e�-

nitionofrelate
dness[34,35℄.
Thisrelatedne
ssoneptserv
estodesribe
the

probabilityth
attwoindivid
ualswithina
pathshareth
esameallelew
hen

thealleleisn
otrareinthe
population,an
dimpliesthat
seletionisno
t

frequeny-dep
endent.Thus
twodistint
oneptsofrel
atednessare
alled

forintheom
putationof�t
nesse�etson
raremutantsa
ndofonverge
ne

stability.How
ever,inthein
�niteislandm
odel,thesame
measureFqu
an-
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ti�esbothon
eptsofrelate
dness,andR′ m
isappropriate
foromputing

onvergenest
ability.Thish
oldsbeausew
hetherthemu
tantalleleisr
are

ornot,the�rs
t-order�tness
e�etsdepend
ontheprobab
ilitythattwog
ene

lineagessampl
edinapathh
aveaommon
anestorinth
ispath,i.e.t
hat

theydesendf
romthesame
immigrant[36
℄.Byontrast
,evolutionary
sta-

bilitydepends
onfrequeny-d
ependentsele
tion,sonouse
oftheregressi
on

de�nitionis
alledforinth
eevaluationo
ftheonditio
nforevolutio
nary

stabilitystrit
osensu.

Conlusio
ns

Thepresentp
apermakesl
eartherelatio
nshipbetween
inlusive�tne
ss

oneptsand
thealternativ
eapproahba
sedonthenu
mberofsue
ssful

emigrants.Th
eappliations
arestraightfor
ward.Inthe
dispersalmod
el,

branhinghas
neverbeensu
ggestedtoo
ur,anditissh
ownherethat
se-

letionisneve
rdisruptivea
ttheandida
teESS.This
exampleserve
sto

illustratethe
relationshipw
ithsometeh
niquesfromin
lusive�tness
the-

ory.Inthemo
delofompeti
tionforresour
es,population
strutureinhib
its

branhing.Ou
rresultsallow
adeeperanaly
sisofthisexam
ple,andwe�n
d

thatthereare
afewasesof
globalinstabil
itydespitelo
alstability.

Appendix
:omput
ationofR

′ mandR′′ m

Eigenveto
rsandeige
nvaluesof

A

andBatδ
=

0

Computation
oftheeigenva
luesandeigen
vetorsofAa
llowsevaluatio
nof

variousexpres
sionsinvolving

A

andB.Howev
er,theexpress
ionsformost

eigenvetorsa
reomplex,a
ndouranalys
esatuallyav
oidasmuho
fthis

algebraaspos
sible,exeptfo
rthefewresu
ltsstatedinth
issetion.

Letjm ≡(1,2
m
..
.,
N

m
)

betheelemen
t-wiseprodut
ofjwithitself

m

times.Let1b
ethevetor(1

,.
..
,1
)

oflengthN.L
etj (m)≡j(j−

1
)
..
.[
j
−

(m
−

1
)1
],alsointerm

softheeleme
nt-wisevetor
produt[i.e.,
itsjth

elementisj(j
−
1
)
..
.(
j
−
m

+
1
)℄.Then

j (
m

)
A

=
jm

N
(m

)
π
m 1

(31)

whereN (m)≡
N
(N

−
1
)
..
.(
N

−
m
+
1
).Thisresult

followsfromw
ell-known

resultsforfat
orialmoments
ofthebinomia
ldistribution.
Thejtheleme
nt

17

ofjk Aisthe

k

thmomentof
thebinomiald
istributionwit
hparameters

N

andπ j,hene
thejthelemen
tofj (m)Aist
hemthfator
ialmomentof
the

binomialdistr
ibutionwithp
arameters N
andπ j,i.e.i
tisN (m)πm j

.For
δ
=

0

,thiselement
isalsojm N (m

)π
m 1

;fromwhihe
q.31follows.

Then,oneway
toobtainthee
igenvaluesand
eigenvetorso
fAistonote

that jk =∑ k m
=
1
S(

m
)

k
j (
m

)

,wheretheS(
m

)
k

'saretheStir
lingnumberso
fthe

seondkind[3
7℄.Thusjk A

=
∑

k m
=
1
S(

m
)

k
jm

N
(m

)π
m 1

,whihrelates
jk
A

for

anyktolower
element-wisep
owersofj.Fo
rk=1,thisy
ieldstrivially
the

�rsteigenvalu
eandeigenve
tor.Together
withk=2,th
isyieldsthese
ond

eigenvalueand
eigenvetor,an
dsoon.Thee
igenvaluesofA
are

λ
m

=
N

(m
)
π
m 1
,

(32)

andeigenveto
rsassoiatedt
oλ 1andλ 2ar
ee 1=jande

2
=

j
+
[(
N

−
1
)π

−
1
]j
2

.Itappearsth
atmoreeigenv
etorsarenot
needed.Conve
rsely

j2
=

N

1
+
(N

−
1
)d

(j
−
e
2
).

(33)

Evaluation
ofjB,j2 B,

j2
B
i

andj3 Bi
Note�rstthat

1
−
N
π
1
(0
)
=

d

.Thisisane
essaryonsequ
eneofthefa
t

thattheparen
tofanyindivi
dualiseither
fromthepath
(withprobabil
ity

N
π
1

whenδ=0),
orimmigrant
(withprobabi
lityd,byde�
nition,when

δ
=

0

).Then,given
B

≡
(I

−
A
)−

1

,

jB
=

j(
1
−
λ
1
)−

1
=

j(
1
−
N
π
1
)−

1
=

j/
d

(34)

atδ=0.Th
us,the�tness
ofaneutralm
utantishBi=

d
jB

i
=

1

,asit

shouldbe. Fromeq.33,
j2
B

=
N

1
+
(N

−
1
)d

(

j d
+

e
2

1
−
λ
2

)

(35)

=
(1
/
d
−
1
)N

F
j
+
N
F
j2

(36)

whereFisgiv
enbyeq.7.T
hen,j2 Bi=N

F
/
d

.Thisresult
anbeobtained

byamoreenl
ighteningappr
oah.j2 Bi=j

2
∑

∞ t=
0
A

t
i

anbeviewed
asthe

expetationof
thesumover
generationsof
thesquaredsi
zej2 ofthefa
m-

ilydesended
fromaninitia
lmutant.Ina
nygeneration,
expetedsqua
red
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familysizeis

N
2

timestheprob
abilitythattw
oindividuals
sampledwith

replaementb
elongtothesa
mefamily,i.e.
thattheydes
endfromthes
ame

immigrant.T
helatterprob
abilityis F,a
snotedinthe
maintext.Th
en,

thesumover
alongtimeT

ofexpetedsq
uaredfamilys
izesisN2 TF.
It

isalsothenum
berofimmigr
antsTNdtim
estheexpeta
tionoffamily
size

summedover
generationssi
nethefamily
'sanestorim
migratedinto
the

path,j2 Bi.H
ene j2

B
i
=

N
2
T
F
/
(N

T
d
)
=

N
F
/
d
.

(37)

Thisargumen
tiseasilygen
eralizedtooth
erfuntionso
fnumberofm
u-

tants.Inpart
iular

j3
B
i
=

N
2
K
/
d

(38)

whereKisth
eprobabilityt
hatthreeindiv
idualssampled
withreplaem
ent

inapathdes
endfromthes
ameimmigran
t.Kanbeo
mputedasfoll
ows:

thethreeindi
vidualssampl
edwithrepla
ementareeith
erthreetimes
the

sameindividu
al(withproba
bility1/N2 ),o
rtwoofthem
arethesamea
nd

di�erfromat
hird[withpro
bability(1−1

/N
)3
/N

℄,ortheyarea
lldistint.

Inthelattera
sesweonsider
theiroriginin
thepreviousge
nerationt.Th
ese

di�erentases
giveareursio
noversuess
ivegeneration
standt+1:

K
(t
+
1
)
=

1 N
2
+

3 N

(

1
−

1 N

)

(1
−
d
)2
F
(t
)+

(

1
−

1 N

)
(

1
−

2 N

)

(1
−
d
)3
K
(t
). (39)

Then,thestat
ionaryvalueo
fKis

K
=

1
+
3
(N

−
1
)(
1
−
d
)2
F

N
2
−
(1

−
d
)3
(N

−
1
)(
N

−
2
)
.

(40)

Evaluation
ofR′ m

Consider

R
′ m=h′ Bi+hB

′
i.

(41)

Allelementsa
reevaluateda
tδ=0.Thej
thelementofh

′

anbeexpand
ed

intermsofj

andj2 andof
modelparame
ters.Letκ̇(f)
andκ̈(f)fort
he

oe�ientofj

andj2 /Nint
heexpression
forsomequan
tityf,andexp
and

h
′ j

inthisway.T
hen R

′ m=[

κ̇
(h

′ j
)j
+
κ̈
(h

′ j
)j

2
/N

]

B
i
+
h
B

′
i.

(42)
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Inδ=0,h=
d
j,sothat,usin

gB′ =BA′ B
(see[38℄,p.15
1)andeq.34,

h
B

′
=

d
jB

A
′
B

=
jA

′
B
.

(43)

Theltheleme
ntofjA′ isth
ederivativeof
theexpetatio
nofthebinom
ial

distribution(1
),heneitisN

π
′ l.Then

jA
′
=

N
[

κ̇
(π

′ j
)j
+
κ̈
(π

′ j
)j

2
/N

]

(44)

and,usingeq.
43, h

B
′
i
=

N
[

κ̇
(π

′ j
)j
+
κ̈
(π

′ j
)j

2
/N

]

B
i.

(45)

Reallthat h
j

istheexpete
dnumberof
emigrantadul
tso�springof

j

mutantadults
,andthatNπ

j
isthenumber
ofadulto�spr
inginthepat
h

ofjmutantad
ults.Heneh j

+
N
π
j

issimplythee
xpetednumb
erofadult

o�springofj
mutantadults
,denotedasj

w
j

(eq.4).Then
fromeqs.42

and45,
R

′ m=[

κ̇
(j
w

′ j
)j
+
κ̈
(j
w

′ j
)j

2
/N

]

B
i.

(46)

Witheqs.34a
nd37,thisim
plieseq.5.

Evaluation
of j2 A′ ,j2 A

′
B
i

andj2 B′ i
Theseomput
ationsarepre
liminarytoth
eomputation
ofR′′ m.Thej

th

elementofj2 A
′

isthederivat
iveofthese
ondmoment
ofthebinomi
al

distribution(1
).Hene,itis

[N
(N

−
1
)π

2 j
+
N
π
j
]′
=
[2
(N

−
1
)π

j
+
1
]N

π
′ j

(47)

=
N
[2
(N

−
1
)π

j
+
1
][

κ̇
(π

′ j
)j

+
κ̈
(π

′ j
)j

2
/N

]

.

(48)

Usingπ j=jπ
1

atδ=0,this
implies

j2
A

′
=

2
N
(N

−
1
)π

1

[

j3
κ̈
(π

′ j
)/
N

+
j2
κ̇
(π

′ j
)]

+
jA

′
.

(49)

Then,usingeq
s.37and38,

j2
A

′
B
i
=

2
N

2
(N

−
1
)π

1

[

K
κ̈
(π

′ j
)
+
F
κ̇
(π

′ j
)]

/
d
+

jA
′
B
i.

(50)

Next j2
B

′
i
=
j2
B
A

′
B
i
=

N
F
[

(1
/
d
−
1
)j
+
j2
]

A
′
B
i

(51)
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(fromeq.36) =
(N

F
/
d
)j
A

′
B
i
+
2
N

3
(N

−
1
)π

1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

/
d

(52)

(fromeq.50) =
N
F
jB

′
i
+
2
N

3
(N

−
1
)π

1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

/
d

(53)

fromeq.43. Evaluation
of R′′ m

Wewrite

R
′
′ m=h′′ Bi+2h

′
B

′
i
+
h
B

′
′
i

(54)

=
h
′
′
B
i
+
2
h
′
B

′
i
+
h
(2
B
A

′
B

′
+
B
A

′
′
B
)i

(55)

(see[38℄,p.15
2) =

h
′
′
B
i
+
2
(h

′
+
jA

′
)B

′
i
+
h
B
A

′
′
B
i

(56)

(usingeq.34)
.Expandingh

′

andjA′ inter
msofκoe�
ients,andusin
g

eqs.44and4,
oneobtainsth
atthemiddle
termofexpres
sion(56)is

2(
h
′
+
jA

′
)B

′
i
=

2
[κ̈
(j
w

′ j
)j

2
/N

+
κ̇
(j
w

′ j
)j
]B

′
i

(57)
=
2
κ̈
(j
w

′ j
)
{

F
jB

′
i
+
2
N

2
(N

−
1
)π

1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

/
d
}

+
2
κ̇
(j
w

′ j
)j
B

′
i (58)

(usingeq.53) =
4
κ̈
(j
w

′ j
)N

2
(N

−
1
)π

1
F
[

κ̇
(π

′ j
)F

+
κ̈
(π

′ j
)K

]

/
d

(59)

using κ̇(jw′ j
)
=

−
F
κ̈
(j
w

′ j
)

attheandida
teESS(eq.5)
.

The�rstterm
ofeq.56is

h
′
′
B
i
=
[

κ̇
(h

′
′ j
)j
+
κ̈
(h

′
′ j
)j

2
/N

+
˙̈ κ
(h

′
′ j
)j

3
/N

2
]

B
i

=
1 d

[

κ̇
(h

′
′ j
)
+
κ̈
(h

′
′ j
)F

+
˙̈ κ
(h

′
′ j
)K

]

(60)
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and,arguinga
sineq.44,the
thirdtermofe
q.56is

jA
′
′
B
i
=

1 d

[

κ̇
(N

π
′
′ j
)
+
κ̈
(N

π
′
′ j
)F

+
˙̈ κ
(N

π
′
′ j
)K

]

.

(61)

Fromeq.4,the

h
′
′ j

andNπ′′ j

termsinthela
sttwoexpressi
onsanbeoll
eted

intojw′′ j

terms,andthe
nsummingex
pressions59,6
0and61yield
seq.9.

Interferen
eompetit
ion

Here,followin
gref.[25℄,Ias
sumethatthe
relativenumb
erofjuveniles
pro-

duedbyeah
mutantinap
athwithjm
utantsmaybe
written

φ
j
(δ
)
≡

ρ
(z

+
δ)

α
(z

+
δ,
z
+
δ)

jα
(z

+
δ,
z
+
δ)

+
(N

−
j)
α
(z

+
δ,
z
)

(62)

wherethefun
tions ρandαa
rede�nedasin
thesramble
ompetitionmo
del

ofthemainte
xt(eqs.19and
20).Thisorr
espondstoeq.
5inref.[25℄,w
ith

somehangeo
fnotationand

β

therebeingse
tto0.Likewi
se,therelativ
e

numberofjuv
enilesprodue
dbyeahnon-
mutantinapa
thwithjmut
ants

is
φ
j
(0
)
≡

ρ
(z
)

α
(z
,z
)

jα
(z
,z

+
δ)

+
(N

−
j)
α
(z
,z
)
.

(63)

Thesenumber
sarerelativet
othejuvenile
produtionby
individualsin
other

pathes,soth
attherelative
totalfeundity
ofapath[wh
ihis jφ j(δ)+

(N
−
j)
φ
j
(0
)℄dependson

thenumberof
mutantsinthe
path.Byon
trast,

pathfeundit
ywasonstan
tinthesram
bleompetitio
nmodelbea
use

thetotalamo
untofresour
ewasonstan
tineahpat
h.Inthejar
gon

ofpopulation
genetis,thes
rambleomp
etitionmodel
isasoftsele
tion

modelwhilet
heinterferen
eompetition
modelisaha
rdseletionm
odel

(e.g.,[39℄).A
ssumingthat
juvenilesemig
ratewithprob
ability d̂and
that

thereisarela
tivesurvival
ostcforemigr
ants(asinthe
dispersalmod
el),

π
j
=

jφ
j
(δ
)(
1
−
d̂
)

(1
−
d̂
)[
jφ

j
δ
+
(N

−
j)
φ
j
(0
)]
+
d̂
(1

−
c)
N
φ
0
(0
)

(64)

and

h
j
=

jφ
j
(δ
)d̂
(1

−
c)

(1
−
cd̂
)φ

0
(0
)
.

(65)
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Theseexpressi
onsareonsist
entwitheqs.8
�10inref.[25℄
,intheaseof
non-

overlappingge
nerations.Not
ethatresults
willbeexpress
edmoresimpl
yin

termsofthep
robabilityofim
migration d

=
(1

−
c)
d̂

1
−
cd̂

(66)

thaninterms
oftheprobabi
lityofemigrat
ion d̂.

Fromtheabov
eexpressions,
oneobtainsas
expetedthat
thepopulation

onvergesto z
∗
=

y m

.Intheomp
utationofR′′ m
,itturnsout
that�tness

e�etsdepend
ingonhanges
inrelatedness
duetoseletio
narenull,be
ause

all κoe�ien
tsintheseon
dlineofeq.9
arenull(onsi
stentwithref.
[25℄

forN=2).O
neobtains

R
′
′ m=1 d

[
(

1 σ
2 α

−
1 σ
2 ρ

)

(1
−
F
)
−

2 σ
2 α

(F
−
K
)(
1
−
d
)2

−
d
(2

−
d
)
F σ
2 ρ

]

.

(67)

Thenumerial
analysisofthis
resultissimila
rtothatofthe
srambleomp
e-

titionmodel,w
ithagainsome
asesofglobal
instabilitydes
piteloalstabi
lity

beingfound(d
etailsnotshow
n).Themain
di�ereneisth
atthresholdv
al-

uesof σ2 ρ
/
σ
2 α

suhthatR′′ m

=
0

arelowerthan
inthesrambl
ingompetitio
n

model.That
is,disruptive
seletionou
rsmoreeasily
.Thisisseen
most

easilyforstron
gdispersal,d

=
1

.Inthisase

F
=

1
/N

andK=1/N
2

,so

thatdisruptiv
eseletiono
urswhenσ2 ρ

(1
−

2
/N

)
>

σ
2 α

inthesramb
ling

ompetitionm
odel,whileit
ourswhen σ

2 ρ
(1

−
1
/N

)
>

σ
2 α

intheinter-

fereneompe
titionmodel(
thelatterresu
ltbeingonsi
stentwitheq.
18

in[25℄).This
di�erenearis
esbeausethe
interfereneo
mpetitionmod
el

givesahigher
bene�ttodev
iantindividua
lswhenσ ρ>σ

α

:inasinglela
rge

pathatthe
andidateESS,
the�tnessofa
raremutantis

w
j
(δ
)
=

ex
p
[

(1
/
σ
2 α
−
1
/
σ
2 ρ
)δ

2
/
2
]

(68)

whihishigh
erthanthe
omparableres
ultforthes
rambleompe
tition

model(eq.28)
.
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